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SUMMARY 
In this study, a method is advanced for approximating amplitude 
functions of frequency in continued fraction form. The prescribed func-
tion to be approximated is given in graphical or tabulated form, and no 
analytic express for it is known..' Tolerance limits for a successful 
approximation are also prescribed. The prescribed function may represent 
either the squared magnitude of a transfer function or the real part of 
a driving-point impedance. The desired approximating function is to be 
2 
a rational function in the variable d) , non-negative for all real values 
of U) . The presumed existence of an acceptable rational fraction approxi-
mation imposes certain restrictions on the behavior of the given function 
and tolerance limits. 
The method consists of expanding the prescribed function in a 
continued fraction, the elements of the continued fraction being rational 
2 
functions of U) . A series of approximants to the continued fraction is 
obtained, each approximant being the function obtained by discarding all 
terms after a certain element in the expansion. By their construction the 
2 
approximants are rational functions of 0) . The expansion process is 
continued until an approximant is generated that satisfactorily approxi-
mates the prescribed function. 
Since the prescribed function is a tabulated one, the calculations 
at each stage of the procedure must be performed for a selection of 
representative frequencies, usually chosen at intervals of one-tenth of 
XI 
a decade throughout the frequency range of primary interest. The removal 
of the initial element from the prescribed function therefore results in 
a remainder which is also a tabulated function. The removal of the next 
element from this remainder leaves a second tabulated remainder, and so 
forth. Each remainder is plotted graphically as an aid in selecting the 
succeeding element. Eventually a remainder is obtained which may be 
discarded, leaving the desired acceptable approximant. 
The purpose of the study is to investigate several policies or 
strategies for the selection of the elements. Particular topics treated 
are: 
(a) the improvement of successive approximants to the prescribed 
function; 
(b) the relation between approximants to remainders and approxi-
mants to the prescribed function; 
(c) convergence of the continued fraction expansion, and the 
relation of its convergence limit to the value of the prescribed function; 
(d) the relation between different series of approximants to the 
same prescribed function; 
(e) the relation between the shape of element curves and the 
shape of corresponding remainders; 
(f) the effect of element selections on the order of the final 
approximant; 
(g) determination of the stage at which a successful approximant 
has been achieved; and 
(h) procedures for accomplishing the calculations entirely in the 
logarithmic domain. 
XII 
The elements used in the continued fraction expansion of the pre-
scribed function may be general rational functions, or they may be rational 
2 
functions restricted in form as, for example, monomial functions of 0) 
(which are linear when plotted to logarithmic scales). The case of general 
rational functions is first investigated, and it is shown that providing 
the products of each element and its corresponding remainder are either 
uniformly less than unity or uniformly greater than unity for all stages 
of the expansion, certain useful inequality relations result. For 
example, these relations may assure, providing the conditions for their 
existence are satisfied, that some of the following properties hold true 
at a particular frequency or in a band of frequencies. 
(a) Certain higher-ordered approximants are better than certain 
lower-ordered ones. 
(b) An approximant is closer to the prescribed function than the 
reciprocal of the last element is to the remainder it approximates. 
(c) The difference between an. approximant and the prescribed func-
tion is less than a value readily obtained from certain tables. 
These properties are utilized in the strategy for the selection of 
successive elements. They may indicate at what frequencies the reciprocal 
of an element should be close to its remainder, and at what frequencies 
its value is immaterial. They may also indicate when an approximant 
satisfactory at all frequencies has been obtained. 
The relations of the type indicated above hold at specific fre-
quencies or in bands of frequencies where the conditions producing them 
are in force. Because of the tabulated nature of the prescribed function, 
XI 
the fact that they hold at one frequency has no bearing on whether they 
are valid at a neighboring one. The elements and approximants, however, 
are rational1 functions, and the values they take on at neighboring fre-
quencies are restricted by this property. In choosing elements it is 
therefore necessary to consider how the prescribed function and its 
remainders vary with frequency; thus even though it is usually ad-
vantageous for the reciprocal of an element to be close to its corre-
sponding remainder, it is not advantageous for it to approach this 
remainder too rapidly over a narrow band of frequencies. 
For many reasons it is best.to treat the frequency aspects of 
the problem with all the pertinent quantities plotted to the familiar 
logarithmic scales, that is, with the amplitudes of the prescribed 
function, elements, remainders, and approximants expressed in decibels 
and plotted against the abscissa, log 0) . To make possible the ex-
peditious calculation of each remainder from the preceding remainder 
and the appropriate element in terms of the logarithmic quantities, a 
calculation which involves a subtraction in the algebraic domain, the 
function 
L(u) = 10 log ll - antilog(u/lO)J 
is introduced. L(u) is tabulated at intervals of 0.01 db to obviate 
time-consuming interpolation, and provision is made for handling the 
logarithms of negative quantities. The result is that all the calcula-
tions of the proposed method are either additions or subtractions, or 
entries into the tables. The effect on the accuracy of the method 
XIV 
imposed by using the tables is investigated to give additional guidance 
in the selection of elements. 
The prescribed function may be replaced by its upper and lover 
tolerance bounds in the calculations, and corresponding upper and lower 
bounds of successive remainders are then obtained. By using this 
capability of the method in cases where the difference between the 
upper and lower bounds varies in magnitude with frequency, a satis-
factory approximant may be found of lower order than might otherwise 
be readily obtained. 
In the variation of the method in which the elements are per-
mitted to be general rational functions, the elements are chosen from 
a table of standard components with amplitudes given in decibels provided 
for this purpose, and the elements ma.y be the sum of a selection of 
these components. 
The study also deals with a variation of the method in which the 
reciprocals of the elements are restricted to have linear form in the 
logarithmic domain, and are chosen to be asymptotic to their corresponding 
remainders at infinity. The major problem presented by this variation 
is that of obtaining an approximant acceptable over the entire frequency 
spectrum when formally the method deals only with the high-frequency 
behavior of the various quantities. The problem is solved by starting 
the expansion with elements asymptotic for large Q), but subsequently 
shifting attention to progressively lower frequencies, at the same time 
adhering to certain conditions which, guarantee that the high-frequency 
behavior of the later elements will not throw the final approximant 
XV 
outside the tolerance bounds. By suitable frequency transformations this 
method may be employed to expand the prescribed function in terms of 
linear elements asymptotic at frequencies other than infinity. 
The principal advantages of this method of approximating graphical 
or tabulated prescribed functions are considered to be the following. If 
a particular approximant is not satisfactory: 
(a) this fact may be determined without calculating the values of 
the approximant point by point over the entire spectrum of interest, 
(b) the method indicates how to choose the succeeding element in 
such a way that the succeeding approximant is acceptable, or, at least, 
better than the preceding one, and 
(c) the expansion procedure is readily continued from the point 
already reached, and it is not necessary to recommence the procedure from 
the beginning. 
A disadvantage is that the order of the final approximant is not guaranteed 
to be the lowest possible, but in most cases it appears to be reasonable. 
CHAPTER I 
IOTRODUCTION 
The approximation problem.—One of the principal subdivisions of the 
field of network synthesis is the approximation problem. The subject 
has been explored extensively in the literature.(l). The problem is 
to find a rational function of suitable form that approximates satis-
factorily an arbitrarily prescribed function. The problem has been 
subdivided into classes in several ways« These include: 
(a) approximation in the time domain and in the frequency 
domain (2), 
(b) approximation of frequency characteristics, of phase 
characteristics, and of both simultaneously (3), 
(c) approximation in the Taylor sense, in the least squares 
sense, in the Tchebycheff sense, and by point-coincident 
polynomials {h,^)} and 
(d) approximation for filters, for equalizers, for servo-
mechanisms, and so forth.; that is, classification by 
purpose, which is closely related to required accuracy 
and simplicity (6). 
Another possible classification is a separation into graphical or 
semi-graphical methods, and analytical methods» Semi-graphical methods 
seek to obtain the desired rational function directly from the graphical 
of tabulated data* Analytical methods presuppose that the function to be 
2 
approximated is in analytic form or has been approximated sufficiently 
closely by an analytic ("but not rational) function. 
Analytical methods have received the lion's share of attention in 
the literature„ They are particularly pertinent for cases in which the 
function to he approximated is in analytic form. This occurs quite fre-
quently, especially in cases where the related device, a filter for 
example, is to perform in a manner prescribed "by man. It is in the 
nature of things for such prescriptions to be analytically expressed. 
In addition, analytical methods offer to engineers the attractive prospect 
of proceeding in a steady march from problem to solution, incorporating 
prescribed restraints and tolerances into the formulation enroute, and 
arriving at the final result without having to backtrack and cut-and-try 
at any stage of the procedure. Analytical methods can achieve very 
accurate approximations when the attendant complexity of the result is 
acceptable. 
Semi-graphical methods are particularly applicable in the servo-
mechanism fI eld. Here, the function to be approximated often represents 
the measured performance of some device, and exhibits the superior 
ingenuity of nature over man in devising requirements that have no obvious 
simple analytic expressions. At the same time the tolerance of the approxi-
mation is sufficiently relaxed by the limited accuracy of the measured data 
that semi-graphical methods are appropriate (7). 
Semi-graphical methods.—The term "semi-graphical" is intended to indicate 
that the methods embraced in this classification are not purely graphical. 
They have in common the property of commencing from prescribed data 
3 
presented in graphical or tabulated form. They are closely circumscribed 
by the required form and properties of the result; and analytical pro-
cedures, in addition to trial and error procedures, are available to make 
final improvements in the accuracy of the result. 
The most common method of semi-igraphical approximation was initially 
proposed by Baum (8). For the desired rational function he assumes the 
form of a ratio of polynomials, each of which is factored into a product 
of terms of one of the following forms: 




, called Butterworth functions, or 
I (2) |1 + 6 k T 2 n W] , i n which T 2n (k) is a Tchebycheff 
polynomial of the first kind and order 2n. 
Then the logarithmic expression of the desired function, in decibels, is 
a sum of terms having any of the following forms; 
(l) +10 log 
2n 
1 + M. u). or + 10 lo£ 
1 + fer 
1 + 
/ \ ^ 
(2) + 10 log 1 + V;2n (£-;) or + 10 lof 
1 + «kT2a ft) 
1 + k 2p W 
These type terms are given by Baum in graphical form plotted against the 
/•) 
normalized logarithmic frequency scale, log -^— , for various values of 
k 
n, p, and £, „ The procedure is to select from the various possible 
components thus made available a group whose sum approximates acceptably 
the prescribed function.. 
Linke (9) adds to the arsenal of available components functions 
of the form 
+ 10 log 1 ;+ 2c J0_ 
6), to 
Actually functions of this type have an equivalent representation in the 
Tchebycheff-type class of components advanced by Baum, but for many appli-
cations they are easier to handle in the form selected by Linke. Sets of 
these curves, for various values of c or a related parameter, are graphi-
cally presented in many standard texts (10). They are also applicable 
to the semi-graphical method proposed in this study, and a selection of 
them is tabulated in Appendix B, 
Bresler (ll) proposes functions of the form 
10 log 
which represent the amplitude associated with a pole-zero pair on the 
negative real axis. He gives graphs for calculating the contribution of 
such a pair to the overall response,, Chitteridge (12) uses templates based 
on the various types of component functions mentioned above to show how 
the phase, delay, or step response of a circuit may be estimated from the 





K + to2 
5 
of approximations obtained "by the preceding methods may he improved by 
small shifts in the real and imaginary parts of the poles and zeros al-
ready selected, and gives an analytical procedure for obtaining the best 
approximation by applying the method of least squares at a selected number 
of critical frequencies. 
The foregoing contributions comprise the most widely used method 
of semi-graphical approximation. In an unrelated method Saraga and Fos-
gate (l4) describe the construction of special charts, pertinent to cer-
tain filter problems, on which key functions are linearized. The use of 
electrolytic tanks, employing the entirely different approach of potential 
analog theory, may also properly be included in the class of semi-graphical 
methods, 
In applying the principal semi-graphical method outlined above 
difficulty is experienced if a number of "break" frequencies ( fid in the 
expressions above) are located close together so that the overall logarithmic 
response at a given frequency is the sum of significant contributions from 
a relatively large number of components. In addition, in cases where the 
application of Linvill's procedure fails to obtain the necessary accuracy, 
the entire procedure must be repeated with a different number of poles and 
zeros (15)° This suggests that a desirable property of an alternative 
method would include the characteristic that if the procedure up to a 
certain point had not produced a satisfactory result, it could be continued 
forward from that point without reevaluating the preceding steps„ This 
characteristic suggests the behavior of successive approximants to a con-
vergent continued fraction, and provides the point of departure for the 
method advanced in this study. 
6 
CHAPTER II 
CONCEPT OF THE METHOD 
The -prescribed function.--The -prescribed function which it is desired 
to approximate is given in graphical or tabulated form.. The given 
data cover the frequency range of interest, which may be all, or only 
a significant part, of the positive frequency spectrum. The function 
represents the squared magnitude of a transfer function or the real 
part of a driving-point .impedance, iELQd the acceptable approximant which 
is being sought must therefore be an even function of frequency and be 
non-negative for all frequencies. Since data are not given for negative 
values of frequency, it may be assumed that the prescribed function is 
also an even function of frequency. Let the prescribed function be 
t 2^ 
G0(ft) )» 
There are restrictions on the acceptable approximant to G that 
must be reflected in G .. If it represents the real part of a driving-
point impedance it must have no poles for real values of CO . If it 
represents the squared magnitude of a transfer function it can have 
poles of no more than double multiplicity for real 0), and those only 
at finite non-zero values of u) (l6)» Zeros must be of even multiplicity. 
If G does not conform exactly to these specifications the tolerance 
limits for an acceptable approximant must be sufficiently relaxed in the 
vicinity of these critical points to permit the approximant to conform 
and still remain acceptable. 
7 
The hulk of this study deals with prescribed functions which are 
positive and finite for all frequencies except that they may have zeros 
at zero and infinity. A method is given in Chapter VI for removing poles 
and zeros occurring at finite non-zero frequencies. In the infrequent 
cases where this situation arises, the method can he applied to remove 
these singularities and convert the prescribed function to the more 
common form. 
2 
Of course once a satisfactory approximant, say G (fo) ), has "been 
obtained, the problem of synthesizing the network still remains. The 
2 2 
variable <J0 IS replaced by -s , and appropriate synthesis procedures 
2 
are applied. Since G (-s ) is a "magnitude squared" function, its 
poles and zeros have quadrantal symmetry. If G represents the squared 
magnitude of a transfer function, that is, 
Gon(-s2> = T12 ( s ) T12 (" s ) 
such questions as whether the transfer function is to be minimum-phase 
or non-minimum-phase must be decided in the course of assigning the zeros 
o 
of G,(-s ) to Tno(s) or Tno(-s). These matters, however, have reference on 12 12 
to the realization problem in the network synthesis procedure and not to 
the approximation problem treated in this study. 
Expansion in continued fraction form.--The.concept of the approximation 
, ?\ 
method is simple„ Let G ( 6L> ) be a rational function which represents 
2 2 
an acceptable approximation to G ((0 )« Let G ( (0 ) be expanded in the 
following form* 
8 
G (CO2) = 5 — i - ^ — (1) 
on w /• 2 v • 1 
a Q((0 ) • + t
 2N . 1 




2 The terms a, ((i) ) are rational functions, and are not necessarily positive 
2 
for all values of <*) „ Suppose that G (6d ) were expanded as follows. 
GJU)2) X ^ - (2) 
a fa)2) + / 2v A 1 
1( a) ) + 
a 
aw(ft)
2).+ X n v w '• " .., 2v ^ 
•n+1 
2 2 
Then G (ft) ) is obtained 'by omitting all after the term a ( a) ) in the 
2 
expansion (2) of G ( OJ ) above. For brevity the description'of the 
variable will be omitted henceforth from the terms G , G , a. , and re-
o' on' k' 
lated terms to be introduced later, it being understood that these are 
2 
always functions of CA) ,. 
The expansion of G in (2) above is a continued fraction., Follow-
ing the accepted terminology of continued fraction theory (if), the terms 
a, are called elements, and G is the nth approximant to the continued x. on 
fraction expansion of G . Thus 
G „ - — is the zeroth approximant to G , oo a ** o7 
o 
G . = — = — is the first approximant to G , 
a + — 
o a.. 
9 
and so forth, A very useful term is defined "by the following equation: 
Gk = Z-+1T- (3) 
•* a k + bk+i 
G, (except for G ) are called remainders<. 
k v * o 
The essence of the method is to select successive elements, a,, 
in accordance with some strategy or policy "based on the known remainders, 
Gv, to produce succeeding ;remainders, G , in such a :manner that eventually 
some G ,-, may "be discarded, leaving G as the desired acceptable approxi-
mant,, Several expansion strategies are considered in this study. 
A choice of expansions •>--The expansion (2) of G is not unique "but depends 
upon the particular strategy adopted for the selection of a, o To demon-
strate this fact, the way in which six different strategies could produce 
the same approximant is illustrated in the examples "below* Let the 
' ' h + 2 + 
rational function -^z p — — "be the acceptable approximant, G , to 
0) + 5(JL) + 2 ° 
a given G .« Underneath the statement of the strategy in each paragraph 
the corresponding expansion of G through the element a is given„ The • 
quantities b, are constants, and p, are integers which may be positive, 
negative, or zero. The six strategies and corresponding expansions follow; 
(l) The a- are chosen so that a-G, are as small as is feasible but 
equal to or greater than unity for all 0JO 
G . = o 
0) 2 + 2 + — ~. 
,20n)2 + ,52 J 1 
- • -£— ^ ^ 2  
0) 125 CO + 50 0) + • 
10 
(2) The a, are chosen, so that â G, are as large as is feasible 
hut equal to or less than unity for all (*) . 
G = = L-
° 4 2 
2u> - a) + 10 
2 a)2 +.5 2a)2 + 11 + • 1 
17 tA)2 + 5 
(3) The a, are chosen to have the form h, (ti k and the property: 
11m p _ -
0)->IX» akUk " 








9 a) , 





• 4489a)2 , 
15 
l 
" -13V + .« 
2p 
(4) The a, are chosen to have the form h u) • k and the property; 
lim -,• n 
.. • a, G •= .1 (O —>.o k k 
11 
G = o 
2 + 
1
 + • i 
0 ) 2 1 
w - 1 .+ -
i 4 L_ 
0)^ 2 




W->«o akV= 1 
G = • - _ - _ _ • (fQr a) = 1) 
° 8 + 1  
5 25 + 1 
2 „v2 
T(CD - D ^ 149(6)^1) t 
50 
500 + 1 
? ? ? 
7.(0) -1) ft) - 1 , 
50 
2p 2p - 1 
(6) The a, are chosen to have the form (h.. a) kl + k?(j) k2) 
and the property; 
11m - _ , lim _ _ 
0) -» 00 akGk = 1 and ^ Q a ^ = 1 
G = o 
2 1 
a) + 2 + — -1 1
 + - 1 
5 2 
^ ?eo 2 
- 50u) - 20 + 
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The various expansion strategies mentioned above are considered 
in more detail in subsequent chapters. 
Logarithmic calculations,--The calculations involved in the method may 
be performed simply in logarithmic terms. Let 
K^ == 10 log ;Gk 
Ak ~ 10 log ak 
Logarithms are to the base 10, and the units of H, and A, are therefore 
decibels,. The equation (.3) relating successive remainders yields? 
G
k+i = r -
a k -W 
k 
<W= h1'^ (5) 
k 
\ + 1 = - \ + 10 log( l - ant i log ^(A^, .+ H^)) (6) 
The following very useful function is introduced* 
u 
L(u) = 10 log(l - antilog '̂ -) = 10 log(l - 10±U ) (7) 
Making use of the L-function, 
The properties of the function L(u) and a tabulation are given in 
Appendix C, Note that when u is a positive real number L(u) is complex* 
Thus 
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L(U*7) •= 10 log(10* ^ - l) + 10 log(-i) = 2,90 + i 
The symbol I represents 10 log(-l) and has the value 
S = 10 1og(-l)=±f^ 
Thus I is a pure imaginary number,, This suggested the selection of the 
capital letter I for its symbol, and a "bar is added to avoid any possible 
ambiguity. The symbol I is called "eye-bar", I does not enter numerically 
into the calculations and may therefore be carried along in symbolic form. 
It serves merely as a reminder of the proper sign to be used vhen an anti-
logarithm is to be taken. The sign associated with I is immaterial and 
the positive sign is used throughout this paper. When I appears an even 
number of times in a sum it is.discarded. Thus 
u + I + v •+ I •= u + v 
A few of the important properties of L(u) are 
u 
L(u + I ) = 10 l o g ( l + 10 ) (9) 
{L(U)} = u (10) 
L(-u) - L(u) - u + I (11) 
Combining equat ion ( l l ) wi th equa t ion (8 ) ? 
Ik 
Both expressions for H_ in (12) are equivalent; the second one often 
makes calculations simpler when A, is a straight, line. 
Equation (10) may he applied to equation (8) to derive 
^ ^ V"L< - V + I + I W («> 
Repeated application of (13) permits calculation of "H , at any stage of 
the procedure- Thus, for example, the equation for the first approximant, 
0 . - - - ^ 
01 a +-i 
o a 
"becomes, in logarithmic terms, 
H . = - A - L( - A + I - A..). ol o ^ .0 1 
The more general equation for H iss to on 
H = 10 log G = - A - L( - A + I - An (lk) 
on & on o v .0 ' 1 
- L( - A± + I - A2 - L( ,1;!,,0. - L( - An_]_ 
+ 1 - A ) „...)))* 
n 
The calculations of the proposed semi-graphical method are "based on 
the tabulated values of H ; if H is given only in graphical form a tabula-
tion is first made from the graph. Nevertheless graphical sketches of the 
various H. are essential as an aid in selecting the successive A, H, and 
A, are therefore plotted against the usual logarithmic frequency scale, 
v = log to., for abscissas. Example .1, Appendix A, demonstrates the mechanics 
of the logarithmic calculations, 
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Illustrative example.—A simple example will serve to outline the general 
procedure followed in the proposed method and to illustrate the relation 
"between algebraic and logarithmic quantities.* In Figure 1 a prescribed 
function, H , is sketched; the magnitude of H is expressed in .decibels... 
In Figure 2 the prescribed function is portrayed as G j it is the same 
function as H , hut its magnitude is expressed in algebraic units... The 
frequency scale is logarithmic in "both figures; v equals log 0) . The 
first element in the continued fraction expansion of G is chosen to he 
the constant ^.00; its reciprocal is plotted on Figure 2, and the 
corresponding logarithmic quantity, --A , is drawn on Figure 1,. The value 
of -A is -6.02 decibels. o 
From equation (k) the first remainder,. G,, is calculated point by 
point from the given values of ;G and the appropriate values of the 
element a just selected. For example, in this problem for v equals zero 
(ft) equals unity), G equals 0,.̂ 1̂  and a equals ka00.. Therefore, 
Gi = r - ao - o n -k = - 1-585 1_ 
G-, is sketched in Figure .2.. In this example the algebraic values are 
shown only to demonstrate the relation between algebraic and logarithmic 
quantities. In the proposed method the calculations are actually performed 
with the logarithmic quantities.. E, is calculated using equation (8) and 
the tables of L(u)« Thus for v -equals zero, H is given as -3*83^ A equals 
6.02, and 
Fig, 1, Sketch to Logarithmic irdimates of 
Quantities from the Illustrative Example, 
Ag(algebraic units) 
Fig.2, Sketch to Algebraic ©riinates ©£ 
Quantities from the Illustrative Example. 
17 
Hn - - H + L(H + A ) 1 o o o 
= 3,83 + L(2a19) 
= 2,00+1 
The symbol I is present because G-. is negativeo H.. + I (the real part 
of H-, ) is sketched in Figure 1, The first stage in the continued frac-
tion expansion is thus completed. 
The next step is to choo,se another element; -A., is chosen equal 
to 4.77 - 10 log(l + CO ) + I, and is plotted on Figure 1. The correspond-
ing expression for the algebraic element a... is - ——, since a., is the 
antilogarithm of one-tenth of A-..: The reciprocal of a is sketched in 
Figure 20 
The expansion is terminated at this point., The final approximant 
•which has been generated is 
G 1 
2 
1 0) + 1 
0 1 '" 4- 1 ' V _L l i / i i 2 1 1 a T . 
0 a_. §{»"•+1) 
G -, is sketched on Figure 2 and is evidently a good approximant to G 0 Its 
logarithmic expression, H j , may be calculated point by point by using the 
equation 
H . - - A - L( - A + I - An ) 
ol o ' • 0 1 
For example, at v equals zero, 
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H 1 = -. 6.02 - L( - 6.02 + I + I..76 + i) 
, = - 6,02 - L( - 4,26) 
= - 3*98 
H -, is sketched on Figure 1, 
Behavior of continued fractions *--Before beginning a full description of 
the proposed semi-graphical method it would be valuable to have at hand 
some relationships that can "be gleaned from the theory of continued frac-
tions. For example, these relationships may assure us, providing the 
conditions for their existence are satisfied, that some of the following 
properties hold 'true at a certain frequency or in a certain range of 
frequencies: 
(1) A higher-ordered approximant is "better than a lover-ordered 
one. This was true of the example of the -preceding paragraph, in that 
G -, vas closer to G than was G (G is equal to l/a )<, 
ol o 00 v 00 • ' o 
(2) A certain approximant to the prescribed function is closer to 
the prescribed function than the last element is to the remainder which 
that element approximates. In the preceding example this holds true for 
v equal to or greater than -0«l,u Thus for v equals zero 
H - H n = 0..15 db. IL -(-Ar) = 0.2^ db„ o ol .1 v r 
or, in algebraic terms, 
n v •
 G Ol 0.1*00 _ n,„ v
 1 ' / a i -I..5OO - n , , / ; 
1 > — = oTCT =: ° ' 9 6 7 > " G - =• ^ 5 5 5 = °«9h6 
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(3) The difference "between a certain approximant and the prescribed 
function (in logarithmic terms) is less than a value readily obtained from 
certain tables (not illustrated in the preceding example),. 
(k) The reciprocal of -an-•element ought to "be chosen to approximate 
closely its corresponding remainder in one segment of the frequency spectrum, 
whereas in another segment it may "be permitted to diverge from the remainder 
"by large values. In the preceding example -A, was chosen to "be very close 
to H-, at low frequencies; at high frequencies it was permitted to diverge 
from H-,; yet the final approximant H .. was very good at all frequencies , . 
These useful relationships and others are therefore developed in 
Chapter III prior to full exposition of the proposed method. Subsequently 
Chapters IV and Vadvance the principal variations of the proposed semi-
graphical method. Chapter VI deals with some additional variations of 
less utility; and Chapter VII examines the accuracy of the method* 
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CHAPITER III 
CONVERGENCE /OF APPROXIMABTS 
Relation between continued fractions and a suitable strategy for the 
selection of elements.-^Reference has been made in the preceding chapter 
to a strategy in accord with which the selection of successive elements 
a, is to be made. The object of this strategy is to select the elements 
in such a way that the magnitude of the difference between an acceptable 
approximant and the logarithmic prescribed function is less than some 
permissible tolerance limit which is also prescribed. Thus where t is 
the tolerance limit in decibels, the fact that 
H - H = t for all values of u) 
on ' • o 
indicates that H is an acceptable approximant. In the algebraic domain 
the above inequality becomes 
i % (-ffir * e-
Go 
where the' sign of the exponent is chosen to make the left inequality hold, 
and S, being the antilogarithm of one-tenth of t, is greater than unity, 
usually by a small amount. 
The inequality above indicates that a suitable strategy ought to 
insure that G /G is positive and close to unity. If for a particular 
value of n, G /G is not close enough to unity, the expansion in continued 
21 
fraction form is extended another stage, and G , -, /G is now examined to 
t3 ' o,n+l' o 
see whether or not it is acceptably close to unity. Thus another desirable 
property of an expansion strategy is that G /G is closer to unity than 
G ,/G for n greater than k, or, in other words, that higher-ordered approxi-
mants are better than lower-ordered ones„ Evidently the relation between 
G /G and G /G (which equals l/a G ) is also of interest as a guide to on' o - nn' n • ^ ' n n & 
the selection of a . Of course, even if G /G draws closer to unity as 
n J on/ 0 J 
the order n increases, it may not converge to unity, or even to a value 
less than 6, and the question of convergence of the series of approximants 
to G is therefore also a matter with which a suitable strategy is concerned,, 
This chapter draws on the theory of continued fractions to present 
an investigation of the relationships between successive approximants to 
the prescribed function, between approximants to remainders and approxi-
mants to the prescribed function, and between the prescribed function and , 
the value, if it exists, of its continued fraction expansion„ The chapter 
also deals with relations between the series of rational function approxi-
mants and comparison series of approximants to the same prescribed function^ 
the comparison series having a specified relationship between each element 
and its corresponding remainder. Practical questions regarding the source 
of the element functions and the detailed application of the results of 
this chapter to the logarithmic method of calculation are deferred to later 
chapters. The results of this chapter are obtained in the algebraic domain^ 
but are easily transferred to the logarithmic domain for use in subsequent 
chapters •> 
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Terminology.—The symbols G , a, , G, , and G have already been introduced. 
G is the prescribed function which it is desired to approximate. The k 
element in the continued fraction expansion of G is a ; and is a rational 
2 
function of CO . Depending upon the particular strategy being employed 
a, may be drawn from the class of general rational functions or may be 
restricted to a particular form of rational function. G, indicates the 
k remainder in the continued fraction expansion of G .„ Thus, for example, 
GL is defined by the following equation; 
1 
Go = 
a + — 1 
o 
al + 
a + • • •• 
2 a3 + Gk 
From the above it is easily seen that the basic recurrence relation between 
successive remainders is: 
Gk - r - n j — (i5) 
k k+1 
Since G is a tabulated function it has no analytic expression8. Therefore, 
2 
even though the elements a, are analytic functions of (t) , the remainders 
Gr., which, depend on G as well as on the eleiments, are also merely tabulated 
functions having no known analytic -expression, 
G is the n approximant to G , and is obtained by replacing the 
remainder G ,-, with zero in the continued fraction expansion. Another way 
of looking at it is that G is a truncated continued fraction expansion 
obtained by discarding everything after the element a . Thus 
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Go^ = 
a + i 
o a, • -+ 
a2 + ---
3 a,, 
Evidently G and l/a are identical. G is a rational function of 
J oo ' ' o on 
w2. 
Symmetry suggests the introduction of the term G, . G, is the 
n-k approximant to the remainder G, 0 G, hears the same relation to G, 
as G bears to G .. For example 
on o • ^ 
' * * — 1 — 
a. +
 X 
2 j . ' 1 
3 .% 
It follows that 
GoU = 
1 
% • - 1 
al + GZk 
'G, and l/a, are also identical, G,, being the zeroth approximant t,o the 
remainder G-. <• Of course G, has no meaning if n is less than k. G, is 
2 
also a rational function of U) « In a manner analogous to equation (15), 
°b-—r;— (16) 
In dealing with questions of continued fraction convergence a symbol 
is needed to represent-the continued fraction expansion of G } and to 
2:̂  
distinguish it from the given tabulated function G- . The symbol G is 
o ooo 
chosen to represent the continued fraction expansion of G .. Thus 
o = i 
ooo 
••+ 
1 a o 
a i 
+ 1 
a 2 + \ 
If the ahove continued fraction is not convergent no "value is assigned 
to G ; it is merely used to indicate the form of the right-hand member„ 
ooo 
If the continued fraction is convergent, the limit of the series of 
approximants is designated G , and 
• * 
G = G 
'OOO O 
It must "be pointed out that G , even if it exists, may or may not "be equal 
t ° v 
The similarity "between-equations (15) and (16) .suggests the introduc-
tion of the general recurrence relation, 
gk = — ^ - (17) 
V + g M 
In equation (17) g, denotes the range of values of -which G and G, are 
particular selections. In other words gk identifies the axis on which G. 
and the various G, (for different values of n) are points; g., may he called 
th 
the k -stage axis., In the course of the derivations of this chapter it is 
th 
also useful to be able to designate arhitrarily selected points on the k -
stage axis which are not specifically the k remainder or any particular 
25 
approximant to the k remainder; -.g, and g will serve to identify such 
th 
points. All points on the k -stage axis are related to corresponding 
points on the k+1 -stage axis by'the basic recurrence equation (17) j as 
demonstrated by equations (15) and (16) and the examples "below. 
G, 
2B'k ak + 2Sk+l
 21 a2 + G37 
Equation (17) is an hyperbola, as indicated "by the plot of a typical curve 
in Figure 3. Some of the terms described.above are also illustrated in 
the figure. 
The role of frequency in the continued fraction expansion of tabulated 
functions.--A further explanation of the significance of figures such as 
Figure 3.must .include the relationship of frequency to these figures, and 
for this ve return to a further examination of the ratio G /G previously 
on' o 
discussed in the first section of this chapter- By its construction G 
2 
represents a rational function of 0) » G , however^ is merely a tabulated 
function. Consequently the ratio G /G is also only a tabulated function 
and has no analytic expression,, As a result when we examine the ratios 
G ./G for increasing n to determine questions of convergence and relation-on' p 
ships between successive approximants, we are restricted to comparisons at 
a specific frequency. The fact that G /G is acceptably close to unity 
at one frequency says1 nothing about its behavior at another frequency. 
Essentially questions of convergence and acceptability of approximants 
represent problems to be solved separately for each frequency in the 
spectrum of interest. The same reasoning applies to G, /Gv, of which Tm' k; 




Points on both axes in Figure 3 represent values of 
the respective functions at the same frequency, The 
symbols are explained in the text. The figure illustrates 
the relation between quantities on the g^ axis and corre-
sponding quantities on the gfe+1 axis* The dotted line, 
8k*l ? ~ak' is a n a s v m P t : : € > 1 t e of tlie hyperbola* The curve 
in the figure is plotted for the case ayfik<l. 
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It follows that in Figure 3 and others of the same type G, represents 
-K. 
the value of the k remainder at a specific frequency, and the other 
quantities indicated have their values at the same frequency* However this 
does not restrict the utility of the figures as much as might first "be 
supposed, because the chief points of interest are the inequalities indicated 
'by the figures,, If the figures are regarded as sketches illustrating the 
pertinent inequalities (such as whether* G, is larger or smaller than G.) 
rather than as precise plots of specific values, then they may have validity 
over a range of frequencies or even over the entire frequency spectrum Of 
interestP 
A definition of "better" is needed with which to compare approxi-
mants,. G is said to he a better approximant to G than G , if on ** o ok 
G , +1 G +1 
(^r > c-^r > i 
o o 
the signs of the exponents being chosen to make the ratias greater than 
unity. This is equivalent, of course, to stating that H is better than 
H , if 'the magnitude of the difference in decibels between H and H is ok ° on o 
less than that between H , and H «, 
ok o 
Properties of elements. --In Chapter II several, strategies, for expanding 
GQ in continued fraction form were noted. In two of these the elements 
a^ were permitted to be general rational functions, while in the others 
ak were rational functions of specified form* In this chapter the elements 
will initially be considered to be general rational functions subject to 
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the restriction that every product .SL G, "be positive•, In other -words each 
element will tie chosen to have the same sign as its corresponding remainder 
at ,all frequencies. 
The behavior of successiveapproximants divides their analysis into 
two cases, which will "be treated concurrently in this chapter. In one 
case all products a,G, are assumed to "be less than unity, and in the other, 
greater than unity. In the former case, therefore, l/a, are chosen to be 
greater than Gi_ (as illustrated in Figure 3)> while in the latter case 
l/a, are chosen to be less thanG , Of course ideally l/a should be 
chosen equal to GJ if this could be accomplished at all frequencies for 
some particular a, > say a , then the remainder G ... would be identically K. n n"̂ "-i-
zero and G would be exactly equal to G . However G, is a tabulated 
;on . • " o . K 
function, while l/a, is restricted to be a rational function, and it 
would therefore be an exceptional caise if any l/a, could be .chosen to 
be exactly equal to G, at all frequencies•• Consequently the best that 
can be hoped for is that l/ak will b,e :chosen as close to G, as is feasible 
with a rational function of limited complexity* By requiring one or the 
other of the two inequality restrictions cited above the behavior of 
continued fractions can be utilized, to develop ̂ sorne useful properties of 
the expansions,. 
The effects produced when any a,G, equals unity at an isolated 
frequency, when afcG, do not follow the same inequality rule in successive 
stages, or when any a, G, does not follow the same inequality rule through-
out the frequency spectrum of interest, all three being interrelated 
questions, are considered at the end of the chapter. 
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Relations "between approximants and corresponding remainders,,--Equation (5) > 
reproduced '"below,, is the equation used to ohtain the remainder G, +, from 
the remainder G,« 
K 





The two cases identified in the preceding section are treated consecutive-
ly/ 
(1) ai'G, < Is Equation (5) shows that G, and G, ... have the same 
sign. Since G is positive, all G, are/positivej and since all products 
o k 
a-i_G, are positive, as explained in the preceding section, all a, are 
positive. G is therefore positive» Equation (l6) shows that G, has 
the same sign as G, ,-, . ., so hy induction all G,. are positive„ 
JST-L, n. Kn 
Equation (l8) shows that if G, - A*,.-, is greater than or less than 
one, G, /GH. is respectively less than or greater than one. Since G /G 
equals l/a G and is therefore greater than one, G, /G, is greater than 
unity for n-k even and less them unity for n-k odd, 
(2) ,akG, > 1; Equation (5.) shows that G. and G, ., have opposite 
signs- Since G is positive and a, have the same signs as the corresponding 
.0 cL 
•G-t G, and a, are positive for k even and negative for k odd, 
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In this case equation (l8) shows that if G, _ /G, is positive 
and less than unity, then G, /G, is also positive and less than unity* 
Since G /G has this property, all G, /G, do likewise« 
Recapitulating for "both cases, 
% (-Dn-k 
if akGk < 1, Gk > 0 and (^) > 1 (19) ' 
k 
and if afcGk > 1, (-l)% > 0 and 0 < ^ < 1 (20) 
A relation "between different approximants to the same remainder„—Let . g 
and pg. 'be arbitrary points on the k -stage axis. They are related "by 
st 
•equation, (l?) to corresponding points on the k+1 -stage axis as follows a. 
l k ak + A + i
 2°k V + 2 s k + i 
The above equations can be combined with equation (.5) to yield 
l g k 
A 
25k + 1(.i + 1 
V i a A 
2gk 
Gk 
1 + Atl,.! + 1 ) G, _,,v a,J}J • k+1 k k 
(21) 
The two cases of interest are again taken up in order, 
(l) a,G <C Is From equation (l6) 
%£±2.= a G .„ = _ ^ i 




In -view of (l9)» and since a and G , n • _ are positive in this case, v '" p p+l,p+2 * ' 
G G , „ 
-EB > _PrP+2 > 
It being observed that in this case the expressions in parentheses. 
lgk+l ^ 2gk+l in equation (2l) are positive, it •may be stated that if —=—•— ^ ' , 
lSk ^ 2Sk k + 1 k + 1 
then —pr~ ^ Tr-" This result may b,e extended by repeated application to 
Gk V Gk 
yield 
As l°k ^ 2°k , . . ,. v 
— > -Q- VP-k even, :p > k) 
k k 
-Q^ > r^£ implies 
"— < — \P-k odd, p > k) 
k k 
Substituting G fox , g and G l0 for ng in the above inequalities, it & pp l̂ p P,P+2 2̂ p 
follows that 
— ^ *> $ > 1 for p-k even 
Gk Grk 
F ^ < ^ E ^ < 1 for p-k odd 
Gk Gk 
This may be generalized by induction to the useful results 
G^ (-l)P"k G. (-l)n"k 
(Q^) X Q ^ ) > .1 *<>' n"P -^11 • (22) 
k k 
(n>p^k) 
Note that the result only holds for n--p -even., 
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(2) a^G, >• -1: The following equation is 'easily derived, 
G p,p+1 1 
*pp " " 1 +.^-k-
S P V I 
In this case a and a have different signs, so that from the above and 
(20), 
SEE < 'SfcE* < ! 
P :P 
Examination of equation ('21) in this case shows that the expressions in 
parentheses are negative but smaller in magnitude than unity» By an 
analysis similar to that of the preceding paragraph we obtain 
^ < §̂ E < ! ^,es g* < §!* < X (p > k) 
p p ak k 
Substituting G for ,g_ and G ' for 0g in the above inequalities, we pp l^p p,p+l 2Bp H > 
obtain the result 
^E^'^SiEJi < i 
GL ^ GL ^ 
k k 
This l a s t .is readi ly extended by induction to 
|W^ < 3_ fQr,n>p £ k (23) 
^k • k 
nine results of (22) and (23) may be -summarized as follows:. As the 
prescribed function, or any remainder, is expanded in •continued fraction 
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form, creating a series of successive approximants, the approximants "be-
have in one of the following -two alternative manners. If the strategy 
used insures that all products akGk are less than unity, every approximant 
,is "better than the one preceding it by two terms in the series„ On the 
other hand, if all â G, are greater than unity, every approximant is 
"better than the one immediately preceding it. This behavior is illustrated 
in Figures h and 5* 
A relation between corresponding fflyiroximants to different remainders,~-
The term corresponding here r-ifgrs to approximants to different remainders 
achieved with expansions having the same last el©ffi©nt, Thus G and G, 
are corresponding approximants to G and G^, For p greater than k, of 
course. G-, is a function of Q and the elements from a., to a. ., inclusive, 
7 toi pn " ....... ^ p̂ -̂  
(l) a-iG-u <£.ls Equation (lQ) m y "be rearranged into the form 
rk 
G, 0, jn -, 
J- = (^iL.) _ J _ tsh) 
k V , , ^-A(r f^) 
k+l,n 
Inspection of (2^) shows that 
a • - V i ^ sto I t+lyh *> ... ...... . . . . 
--"-—A- ^ l i m p l i e s G k + l v G k + l , n G k 
Csmbining with (19) and generalizing, 
(u.u)""*. A„.(-irk 
S) >(J»)" ' >1 (aftp>k) (as) 
P K 
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Fig, 4, Improvement of Approximants for a^G^ Less than 
Unity« 
Figure 4 is a composite figure, in that the curve of 
equation (17) for successive stages is plotted in different 
quadrants. In the upper right quadrant is the curve rela-
ting g0 to g^; in the next quadrant clockwise is the curve 
relating g^ to g£, and so forth. This manner of drawing the 
figure permits projection of quantities from one axis to 
the related points on all preceding axes in a single 
diagram,, The figure illustrates how the selection of all 
l/ak (s Gkk) greater than G^ produces a series of approxi-
mants Gon, which are alternately greater than or less than 
the prescribed function G0, and each of which is better 
than the second preceding approximant, 
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Fig. 5, Improvement of Approximants for akGfe Greater than 
Unity. 
Figure 5 is a composite figure in that the curve of 
equation (17) is plotted for successive stages in different 
quadrants. In the upper left quadrant is the curve relating 
g to g-; in the next quadrant counterclockwise is the 
curve relating g-i to g£> and so forth. Note that for the 
Odd-numbered stages the negative part of the gk axis is the 
part of interest. The figure illustrates how the selection 
of all l/ak (= Gkk) less than G^ produces a series of 
approximants Gon, each of which is less than the prescribed 
function G0, but better than the preceding approximant. 
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(2) a.G, > Is The equation "below is merely an identity. 
K. K. 
G. G.. n G, G, , n G'1 
kn _ k-H/n _JEL(I k+L,n k N 
Gk " Gk+1 \ " Gk+1 Gkn 
S u b s t i t u t i n g from (2.U) i n t o t h e express ion in p a r e n t h e s e s , 
kn k+ l , n kn,n ' k + L j i w , , k-H^n^ .' \ v 
G ~ = "G^t" G~ ( l " " G T ^ ( 1 '+ "G-t-(l - W } k k+1 k k+1 k+1 
Gkn 
Since from (20) all ~— are positive and less than unity, it .is evident 
k Gk+1 n 
that if a, G, < 2, the product on the right is positive and 7 is 
G k + 1 
less than -JR. Extending this result through a succession of terms 
Gk 
yields; 
C C " 
If all akGk < 2, j ^ < ~ < 1 (n ^ p > k) (26) 
' p k 
The results of (25) and (26) are most useful for the -..case when k 
equals zero and p equals n, and. may he summarized as follows,. Providing 
all â G, are less than one, or all fall "between ,one and two, the last 
approximant is a better approximation to the prescribed function than the 
reciprocal of the last element is to the last remainder. This relation 
:may "be combined advantageously with the relation of the preceding section... 
For example, if in a particular expansion in which â G, are less than unity 
it occurs that Goo falls closer to G~ than the prescribed tolerance limits 
for an acceptable approximant to the given function over a portion of the 
frequency range, then.in succeeding stages of the expansion it is not 
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necessary to attempt to choose elements close to their corresponding re-
mainders in that region. Providing the last element is an odd-numbered 
one, the final approximant is sure to be acceptable in the range in vhich 
Ĝ,-, was. 
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Convergence of the continued fractions,,--The expansion of G as a continued 
fraction has the form 
O 00 
a + i 
o , +
 1 (2T> 
1 1 
a 3 + 
lim !* '* 
Let ' ' G •= G , if it exists. The question is raised whether G exists, n->oo on o' o ' ' 
and, if it does, whether it is equal to G . 




t>„ + (28) 
V + 
V+ 
in which the b are all real positive numbers, and finds that the question 
of its convergence is divided into two cases; 
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(a) If n ^ "fbk converges, the even and odd approximants of 
S(z) converge to different limits (19). If both limits are finite S(z) 
is said to diverge hy oscillation (.20) „• • 
(b) If r ^ jĵb diverges, the approximants to S(z) converge to a 
single limit provided z is not on the negative real axis, which is to he 
regarded as a cut in the complex plane of z(2l)0 However, segments of 
the negative real axis may also "be included in the region of convergence 
of 'S(z) if none of the approximants to S(z) have singularities on tho;se 
segments (22). 
The above result may be applied to (27) as follows, the analysis 
again being ;divided into two cases with respect to the magnitude of the 
products a,.G,u 
(l) a, ,G., are less than unity; Set z equal to unity and b, equal to 
a, in (28) (which may be done as the a., are all positive in this case). 
Then 
G 000 a + S(l) 
o 
:* ^T 
Therefore GQ exists if 2^ a, diverges u A more illuminating form of the 
expansion (27) is obtained if akG, are set equal to r, (r are less than 
unity) and G is expanded as follows: 
G 
Gooo = -" £ _ : — 
r + 0 (29) 
r l + ',1 1-r 
0 r 2 ( l - r o ) 
l - r i 
+ - 1 
r 3 ( l - ^ + . 
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(30) 




S (rk) ^-£—~ ~ diverges, 
k=0 j<^ 
J ( 1 - v i - 2 j ) 
Special cases of interest include the following: 
(a) All r, are the same and equal r-. In this case all even elements 
.v. 
equal r and all odd elements equal j — . Therefore (30) diverges and G 
existso 
(b) The values of rn repeat after r _., that is, r = r , r _ •= r , x ' ~ k n-1' n o n+1 l7 
and so forth. When the ratio 
&rs ai, a £ 2n _ 4n _ on 
o 2n 4n 




 a6n+l = 
° al a2n+l aim+l 
One of these ratios must "be equal to. or greater than unity, with the re-
sult that the sum of the even -elements or the sum of the odd elements 
•%• 
diverges. Thus (30) diverges and G exists» 
•* 
In all cases where a, G, are less than unity, where G exists it 
k k • •* f 0 
equals G . This follows from (.19 )> which shows that successive approxi-
mants are alternately greater and less than G » 
ko 
(2) a,G, are greater than unity: In this case a, are positive for 
k even and negative for k odd,, Substituting (-1) a, for b in (28) 
C* = ' A f . v (31) rooo a •+ -'S(-l) 
From equation (3) 
Therefore 
^ = ~\TI > x 





Multiplying through by a,a y, a negative number, 
1 < a. ., G., ,, <C "S.-1 aT L-i - h.. b.. . _ k+1 .k+1 v k k+1 k k+1 
Since b, b is greater than unity, so is "b. or b also, and therefore 
S t , diverges. S(-l) is then convergent providing z = ~1 falls on a 
segment of the negative real axis cut vhich .contains no -singularities. 
Equation (3l)> "with the substitutions indicated and with r, replacing 






C1 " r^FJz 
1 
( x " 7j)r^z" 
^ (1. -
1 + _ — _ 




¥all (23.) shows that for 0 < •;— < 1,. the expansion (32) converges for 
I 1 I < P k 
— - 1. Thus the cut in the z plane runs from zero to -1 (exclusive), 
1 z • 
* 
and elsewhere, including at z =-1, the expansion converges and G exists. 
-K 
Unfortunately, however, in this case G does not necessarily equal 
G • The convergent continued fraction ,can be placed in the form 
G* = 
o 1 - r 
o 1 - r 
r i +  
r2 + 
Where the r,_ repeat after r ., the expansion can be terminated as shown 
below, 
* G 0 
j-JL 
1 - r 
r .+ : 2 _ ^ _ 
0 1 -
r 1 + — -
r 2 1 - r . 
n - 1 
* 
G^ 
r •+ (1 - r )r2-
n v nyG 
0 
By inspection G = G is formally one solution, and the other is found by 
forming and solving the pertinent quadratic equation,, Wall (.2k) gives the 
criteria for identifying which solution actually represents the convergence 
limit; in the case under consideration here it is always the smaller -one.. 
Special cases of interest are:: 
k2 
t \ "* 
{&) All r, are the same and equal r. G equals the smaller of G 
and — y . Thus if ;r is greater than two, the expansion does not converge 
to G . 
P 
(b) All rv, for k even, equal r , and for k Odd, equal -r.. G is. -, o J. o 
r G 
equals the smaller of 'G and ;—r-—-=-y; the expansion converges to G 
only -if — + — = 1. 
o 1 
A comparison of the two methods of selecting a, G, shows, in brief, 
that where all a,G, are less than unity, the expansion may or may not con-
verge, "but if convergent, the limit is G :• and that where all afcGk are 
greater than unity the expansion always converges, "but the limit may or 
may not equal G . 
Comparison series.*—A useful relationship can "be obtained by comparing a 
given expansion with one selected from the cases of special interest 
mentioned in the preceding section. The series of approximants of the 
selected expansion is called a comparison series. An inequality relation-
ship between the approximants of the given expansion and the comparison 
.series is developed as follows„ 
Let the subindex m denote terms of the comparison .series* Equation 
(l8) is used to set up the following; ratio... 
% £ 1 + ( a v Gv - 1 ) ( 1 . 5 ^ 2 ) 
Gk m k m k m G k + l 
G G 
m k n '/ w k+l ,n^ 
- g - 1 + (-akGk - 1) (1 - — - J - ) 
m k k+1 
(33) 
Inspection of (33) confirms the following inequalities <,, 
*3 
( l ) a,G, and a, G, l e s s ••than u n i t y : 
I f m akmGk < a k G k ' a n d l f 
V 1 ; 1 1 > Gk+1;n ^ i (3IO 
G, .., < Gn ... < ° '
 ; 
m 
mLk+l ' "k+1 
then 
^ £ ^ r ^ i (35) 
m k k 
e i t h e r t h e upper or lower i n e q u a l i t y s igns ho ld ing throughout , 
The l a s t p a r t .of i n e q u a l i t y (35) i s dlDtained from (19)-
(2) a1 G, and a G, g r e a t e r than u n i t y : K it m K m J£ 
If -\A > \\> "* i:f m 
C C 
m k + l . n ^ k+ l , n < -^^- < 1 (36) 
then 
m k+1 k+1 
A Gv^ 
HI i o i _>«» m i Gn G, 
m k k 
< ^ < 1 (37) 
The last part of (.37) is obtained from (20.). 
G nn 
G a -G 
low since —^ = ~ — is less than one in the first case and 
u a vi 
m nn n n 
G m n 
g r e a t e r than one in t h e second., and s ince G = G (as "both expansions 
m o o 
hh 
are based on the same given function),, the various inequalities derived 
from (33) can be extended through successive stages to yield the following 
simple results. 
G / .. \n G f -, \n 
( t o W - l ) > ( _ o n ) ( - D > x (38) 
(2) If A A > avGv > !> t h e n in k m k ^ k k 
^ < g2£ < 1 (39) 
o o 
In words, under the conditions given in (38) a n& (39);the approximants 
of the given expansion are better than those of the comparison series, 
Any selection of comparison series might be made, but in this paper 
numerical results will be obtained only for the series for which a G = 
_, m K. m is. 
.r, = m, that is, all r, have the same value, The series —7;—may be 
m k 7 ' m k • G 
o 
tabulated for various values of m and n,. but the results will be in a more 
useful form if expressed in logarithmic terms,, Let 
M = 10 log m = E +. .A. = E. - ( - A.), and B mIs. m K • mis. m/k' 
D = 10 log ̂  = H - H . 0 G m on o 
In Appendix D, values of D are tabulated for various values of M and n, 
The tables may be used in the following manner. Suppose that in a 
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certain expansion of a given H } . for which the subscript of the last ,ele-
ment is n, it is observed that the difference between every H, and the 
corresponding -A, falls between zero and M db. From the tables a value 
•of D db. is obtained which represents the maximum deviation from H_ that 
H can have. If this discrepancy meets the tolerance requirements for an 
acceptable approximant the expansion may be halted at this point*. The 
inequalities in the analysis may also all be reversed, with the result 
that if every H, + A, is greater in magnitude than M, the last approxi-
mant will be worse than that indicated by the value of D obtained from 
the tables. 
Deviations from a consistent rule for the magnitude of a-. Q, .--In preceding 
sections the development has been ba!s'ed on the assumption that a-J\ for a 
particular expansion are either all greater than unity or all less than 
unity. In this section deviations from this rule will b.e considered. 
(l) Consider first a case in which successive a-,G, are positive, 




d g * + l ( a k + sk + 1)
2 
dg :n-l 
„ ° = ( - l ) n TT 
d g n i==0 
1 
• ( ^ -+ g . 
0*O) 
Thus g is a monotonically increasing or decreasing function of g .. Cor-
responding to the possible values '0, G .>. G , and +00 for g . g takes 
l»6 
on respectively the values G -. , G , G , and G 0... From the positive-* J o,n-r' o on o,n-2 * 
ness df a G ,. G and G have the same sign, and so "both fall "between zero 
and either + 00 or - 00 . From (ko) it follows that G and G fall "be-
, ' • ' • ' o o n 
tween G -, and G 0. The term "fall "between" embraces the concept o,n-l o,n-d 
that +00 is connected with - 00 , so that if G .. and G 0 do not 
' ' • 0,n-l o,n-2 - — 
"bracket G , G may have any value, including a negative or infinitely 
large value, that falls outside the "bracket,, Evidently under these con-
ditions the expansion may or may not converge« 
(2) Suppose all a^G, are negative,, From equation (5) all G, will 
"be positive, and hence all a, will "be negative^ G ., "being composed of ' . K on 
negative -elements, must "be negative and cannot converge to G • 
(3) Let a certain a equal zero. Then 
1 
G p + 1 ~ G 
p 







a l + ' 
• • 
' ' . X 
-. 
a 1 + a ^ p - 1 p + 1 
+ 1 
a , 0 + , p+2 
are Note that the disappearance of the EL term means that a -, and a 
added directly to form a single element. This form of expansion is often 
convenieTit and may "be obtained merely "by inverting G, at any desired stage 
•*7 
before proceeding with the expansion. It does not affect convergence 
properties. 
(k) Consider a case in which a certain a G ^equals one.. Then of 
course G = G , and if the expansion can be halted at this stage the op o 
desired approximation is exactly -achieved. But the condition .may hold 
only at an isolated frequency, and the situation at other frequencies 
may require a continuation of the ••expansion* 
G . n = i-(l - aG.) = 0 p+1 Gp p p 
It is not practically feasible to make a _:Gf -, > 0, particularly when 
working on logarithmic -scales, and therefore: 
1 >- a ,, = 00 
p+2 G p + 1 p+1 
V3'" Gp+2 - V 2 " " V 2 
The effect of this development .on the approximant may be investigated by 
using the following recurrence formulas (25).. 
Pok Let G . ~ 77^. Then ok Q , ok 
P.v = a, P v n +T v 0 (41) ok Vo,.fc-l o,k-2 
VpakV-i + V-2 (k2) 
h& 
In the case in question 
a P : .. + P n 
G = ? °^
1 .£*£=£ 
p o,p-l p,p-2 
—•- P + P 
G. o,.p-l o,p-2 
/ = GQ 
G~ Qp,p-1 + %,p-2 
By appropriate substitutions it may be shown that 
r ? n 
^ o , p + 2 ^ % 
FT op a £ + l + a 
i + 3 ^ , . . . , ^ , } 
Op a ' j?+l • a 
p+2 
From the foregoing it is evident that if a^+1 is large and '.a g is 
small, and both have the same sign, G ,̂  vill be close to G ... Thus 
• • o,p+d o 
situations :df this type can be handled if the expansion must be con-
tinued. 
(5) In cases (l) and (2) above divergent expansions were shown 
to be possible results, If, contrary to the hypotheses of' "those para-
graphs, deviations from a consistent â G, magnitude rule occur only for 
a finite number of stages, say, prior to the p stage, then a convergent 
expansion will result providing G•., converges to G ... This follows from 
pjc ' p 
the monotonic variation pited in equation (4o). In the methods to be 
outlined in Chapters V and VI deviations from a consistent convergence-
producing rule must be accepted, but the considerations of this section 
show that a satisfactory approximant may still be obtained. 
.CHAPTERS 
JEEEKOOMAliQ^ 
In Chapter II several possible methods of .expanding a prescribed 
function were illustrated. The last four of these involved elements 
asymptotic to the prescribed function, or its remainders* Approximation 
using asymptotic elements will "be considered in Chapters V and VI. The 
other two expansions involved elements that were general rational func-
tions, and illustrate the method to "be taken up in this chapter. 
Rule for the magnitude of a-. G, * --This method might also b,e described as 
the method of uniform approximation throughout the frequency range. By 
this it is meant that the criterion used in selecting successive — is 
V 
that they fall as close to the corresponding G, as is feasible at all 
frequencies* This is in contrast with the methods employing asymptotic 
elements in that they give a preference to the approximation at the 
frequency of the asymptotic .limit.. 
In accordance with the development of the preceding chapter a 
consistent rule for the magnitude of a,G, should he established; in a 
particular problem that product should be greater than unity for every 
stage, or it should be less than unity for every stage. For the bulk of 
the figures and discussion in this chapter the case in which a, G, are 
greater than unity is portrayed. Basic formulas apply to b,oth:cases, 
and the behavior of successive remainders as influenced by the shape of "; 
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the element functions is quite similar in "both -.cases.* A notable difference 
is that in the case for which â GL are greater than unity, successive a, 
and G^ alternate in sign, whereas for the other case they are all positive „ 
As a result the use of the former case as a frame for the presentation 
offers the advantage of illustrating the handling of negative elements in 
the logarithmic approach of ••the method. At the conclusion of the chapter 
the significant points wherein the method for a^G^less than unity differs 
from that already presented are set forth. 
Procedure and .logarithmic portrayal«--Suppose that a prescribed amplitude 
function of frequency is given. If not already so expressed, it is first 
converted to logarithmic form, with ordinates in decibels and abscissas 
in frequency decades. In this form the prescribed function is denoted 
H (v), or, for brevity, just H , and is sketched or plotted as shown in 
Figure 6. The H of Figure 6 is a typical function, being finite in the 
range of interest and having a 'zero:' only at an extremity of "the fre-
quency range, in this case at infinity„ (Of course, it is G and not H 
that really has a zero at infinity; H has the corresponding logarithmic 
singularity. However, the terms pole and zero are so much briefer and 
more descriptive than logarithmic singularity that they will be used to 
describe the behavior of H that is due to their prescence in G •«. No 
o o 
ambiguity results.) If H is not already given in tabulated form it should 
be tabulated in the range of interest.,, Increments of one-tenth of a 
decade on the log W scale usually afford a dense enough samplingo Where 
H_ changes significantly in a narrow frequency range a smaller interval 
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%i(db) 
v • log a) 
Fig, 6. Typical Prescribed Function and First Element 
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between abscissas may-be advisable. If it develops in a later stage of 
the process that smaller intervals are required in some frequency range, 
they can readily be inserted with a few simple calculations, 
The next step is to select A . Recalling that the strategy of 
selection pre'scrib.e.s that -SC'G, be greater "than unity, it follows that 
A, + H, must be -positive.. Accordingly -A is chosen to be the logarithmic 
representation of a rational function, and to approximate H but be 
•everywhere less than H . as shown in Figure 6. -A is formed as the sum 
of standard components of the type mentioned in Chapter I- Appendix B 
gives a tabulation for ready reference of standard components of the forms 
10 log 1 + (-£-f and 
10 log 
§>>2] 
[l * *(t>2 * <f ] 
Either form of equation (12) is used in conjunction with the tables 
of L.(u.) (given in Appendix C) to calculate H-, point by point. H is 
sketched in Figure 7. Since A + H is positive L(-A -H ) is negative. . 
From equation (12) the real part of IL, the part that is plotted, will 
therefore fall below A as shown in Figure 7« The previous statement 
referred to the real part of 'H, because, of course-, G is negative, as 
are all Gfc for k odd in this method. Thus H = Re(H ) + I = (H, + l) + .1. 
It is important to carry the symbol I on the graphs and in the tabulated 
values where appropriate. In subsequent chapters, where instances are 
considered in which -A, may cross BL, it will be found that 'G,+, changes 
» V 
Fign 7, Remainder and Succeeding Element. 
•?h 
sign, and that therefore some segments of H will carry the I symbol 
and others will not. 
The process is now repeated and a -A is chosen to approximate H,, 
Since H-, is complex, so >is -A , its real part being -A., + I as shown 
plotted in Figure 7, 
Two approximants to H have now b:een obtained, They are: 
H = 10 log G = 10 log — = -A 
oo D oo D a o 
o 
H Q 1 •« 10 log (-—-) = «Ao - L(-AQ + 1 - A1) 1 " 
R, + O a i 
The latter may be computed point by point. Note from Figure 7 that -A + 
I - A is negative and hence so is L('-A + I - A n ) . It follows that H n o ° o 1 . ol 
falls above H . All the pertinent curves are replotted together in 
Figure 8. 
Shape of approximants and.remainders,--It is by now evident that a fair 
amount of art is involved in the selection of 'successive An •> A study of 
Figure 8 reveals some of the properties of the curves which are useful in 
contributing to this arto 
In the first place., H ., falls above H and below H „ If H is an * ' ol oo o oo 
acceptable approximant to H , then H -, is bound to be acceptable also in 
the same frequency range, as, for example, to the left of point a in the 
figure. Therefore the behavior of -A... + I in this range is unimportant 
as long as it falls below E-, + I. This property derives from inequality (23) 
55 
Fig, 8, Shape of Appiroximanfcs and Remainder„ 
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developed in the preceding chapter. 
Secondly, H -, tends -toward H rather than H at points where 
J' ol o oo 
-Ar +..I is closer to H, + -I, as at point b in Figure 8...' If -A (= H >) 
is less than three decibels "below H at this points H - H n is less 
o * . • > • . ,o o l 
than H- + I -(-A •+ l). If the latter is less than the permissible 
tolerance prescribed for the desired approximant, then H -. is acceptable 
at that frequency. This property derives from inequality (26), and may 
b,e combined with (23) to yield the fact that all higher order approxi-
mants will also be acceptable at the same frequency. 
A third relation which :may "be useful is illustrated "by the "be-
havior of the curves "between points d and e. In that region A + H and 
r . • ° o o 
A-, +'H- are both less than two deci"bels. From relationship (39) of the 
preceding chapter, in conjunction with the tables of Appendix D, H -, is 
less than O.85 db. "below H . 
o 
Another characteristic illustrated in Figure 8 is the sharp dip 
•in H-, + I in the vicinity of point c„ This occurs partly because -A 
has ;a rise at that point (recall that H + I must lie below A ), but 
mostly because -A is close to H in a relatively narrow range in the 
vicinity of c. This sharp dip in E, HL I makes selection of a 'suitable 
-A-, + I more difficult. It suggests that a better choise for -A would 
1 O D • ; ' O 
be a function that did not peak quite as sharply at c, if one could be 
found„ 
Element selection at ends of the frequency range.—A behavior related to 
the dip in H-, +.-I discussed above may arise at the ends of the frequency 
range of interest, and is illustrated in Figure 9 "by "the shape of H-, + I 
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at the lov frequency end.. Because- -A is so close to K,. H, + 1 dips very 
sharply there. This makes the selection of -A-. + I difficult in that 
region and requires it to be of an unnecessarily high order to remain be-
low EL +•••!...: If -A can be placed instead at the lower limit of tolerance 
1 o 
permitted for the approximation to H , as indicated in Figure -10, a less 
restrictive EL + I is obtained; while the final result is certain to meet 
the prescribed tolerance, 
Remainder with constant .slope.;—As pointed out above, it Is difficult to 
find an element to approximate closely a remainder which contains large 
narrow excursions from its general shape,. The easiest remainder to approxi-
mate is one having a constant slope which is an integral multiple of 
twenty decibels per decade. Accordingly, it is frequently desirable to 
choose an element in such a way as to produce this linear behavior in 
the succeeding remainder over at least a part of the frequency spectrum. 
To investigate how such a choice might be made let 
H-L + I = 20pv + K, 
in which p is an integer (positive, negative, or zero) and K is an arbi-
trary constant. From equation (8) 
L(A + H ) = H + .EL = H + (EL + l) + 5 v o o o 1 o x 1 ' 
•= H + I + 20pv + K o ' 
Applying equation (l0) 
A + H = L(H + I + 20pv + K) 
o o . o * J 
A = - H. + L(H + I + 20pv + K) 
o p o * 
Fig. 9. Undesirable Depression of Remainder 
at Low Frequencies, 
iNh(db) 
Fig» 10* Preferable Shape of Remainder, 
The dotted line labeled "t" in Figure 10 is the lower 
tolerance limit lor the desired approximation to H0. 
To the left of point a, the next element, -A^^I, may be 
permitted to fall anywhere In the shaded region, 
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In more general form, for k even or odd, 
A^ = - B̂ . + L(Re{Hk) + I + 20pv + K) (1*3) 
will produce a linear Re (H...). 
Figure 11 illustrates the manner in which equation (k3) is applied. 
The region in which it is most -desirable to produce a linear remainder is 
at frequencies adjacent to the ends of the spectrum of prescribed 'be-
havior, and the example of the figure is chosen at the low frequency end. 
H is given, and a -A is sought that approaches H in such a manner as v 
decreases that H-, + £ has a 20p decibel per decade slope. The curves 
shown in Figure 11 represent possible! linear E, + I for different choices 
of p and K in -equation (̂ 3)« The equation is used to determine the re-
quired -A corresponding to each; an attempt can then he made to fit one 
of the standard component curves (or a simple combination of them) to one 
of the suitable -A curves. Alternatively, the normalized function for 
-A may be known, but its exact location Is sought. Should it be moved 
a little to the left or right, or up or down? In this case the normalized 
-A is shifted around until it offers a good fit to one of the -A shown 
in Figure 11. 
In the algebraic domain what we have done in the above procedure 
is to confine attention far enough to the left on the frequency scale 
that 
(for (ft less than some e»> ), 
ao(w
2) + ( -111*) 
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Ah(db) 
Fig. 11a Production of Linear Remainder. 
Subindices identify eack remainder with the corresponding 
-AQ that will produce it,. 
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in vhich a is a recognizable function. By 'recognizable' it is meant that 
a is cdmpo;sed of only a few of the standard components. But if the above 
relation holds, then certainly 
G " X 1 
° a ( 0) 2) + c U)i2p - (b + <?) 0) ̂  a' ( (02) - b ' U) ̂  
also hold for the same frequencies, c being an arbitrary constant. We 
should expect to find a function a appropriate to any value of b in the 
linear remainder -b 0) (providing b is sufficiently large). This is 
2 
tirue; the difficulty comes in recognizing a0(b) ).. For example, if 
G ** ~ — • — for u) less than 0) , 
° 1 + 0)2 1 M 2 
1 + 2dtt) + U) 
then 
1 
•5 : ( w «*J ° 1 + (c + 1) Q)2 + 2cd 0) J Lc_(^ _ (1) + c ) a )2 
1 + 2d 03 + u> 
2 
In the second case a (CO ) would 'certainly be harder to recognize than in 
the first case. Of course if, in the second case, we considered only the 
on to tne len or w , wnere OJ -' 
have 
regi h ft f 0), > h is very much less than |2d| , we would 
4L 4. ' 
G o - , . , . •., g 1 ' ,, h 
1 + (c + 1) 0) ^2cd IQ _ (b + c ) w 2 
1 + 210) 
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In this instance a is of the same order as in the original example, and 
would be as easily recognizable, but we would now be successful in produc-
ing a linear remainder over a much smaller segment only of the whole 
frequency spectrum. 
Incorporation of prescribed tolerances into the method,—A restrictive . 
factor in applying the semi-graphical approximation ;method of this chap-
ter is that the strategy adopted for the magnitude of a,Gk dictates that 
H be less than H ... Thus an sipproximant is sought that falls between 
the given function and the lower limit of prescribed tolerance. This is 
unnecessarily restrictive, b,eca,us;e an approximant that falls b,etweBn the 
given function and the upper limit of prescribed tolerance would be 
equally acceptable. The restriction is easily removed by substituting 
for H in the procedure the upper tolerance bound, which is designated 
+ • -
H . Similarly the lower bpund is designated H on logarithmic graphs, 
while Q and G identify the bounds on algebraic scales., The tolerance 
bounds are carried forward from stage to stage by means of equation (17) 
in the same manner as the prescribed function. Thus 
V = ~ - • and G+ = i . (kk) 
V + G k + 1
 ak + Gk +l 
and in logarithmic values, 
The effect on the procedure of incorporating the tolerance bounds is best 
illustrated in some simple 'figures-... 
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In Figure 12 the curve represents equation (l?) for k equal to 
zero. The figure illustrates how the tolerance hounds are projiected 
forward from the g stage to the g stage:. If in the succeeding stage 
of the expansion l/a-, can he chosen to fall between G, and G,, the 
approximant G -• will satisfy the prescribed tolerances, as it must fall 
+ 
between G and G . The same relationship will hold for G ? with respect o o _' ok 
to the selection of l/a, by reason -of the monotonic variation of g as 
K. O 
a function of g, shown in equation (̂ 0)„ The relationships of Figure 12 
are depicted in the logarithmic realm in Figure 13.. It is not even 
necessary to carry the G-, forward from stage to stage, merely the upper 
and lower tolerance bounds. 
Figure ik illustrates what happens when -A falls above H , that 
is, when a G~ is less than unity. G-, is negative, as in the example of 
Figure 12, but G-, is positive. The figure also indicates that for the 
particular frequency portrayed, GQ0 is a satisfactory approximant.. How-
ever, as this may not hold for all frequencies, it may be necessary to 
continue the expansion and select an element a-,.. Evidently l/a, should 
+ 
fall between G-, and G, if G .. is to be a satisfactory approximant,. On 
logarithmic scales this situation might appear as shown by the curves of 
Figure 15. Between v - a and v = b .H-, does not carry the I symbol; in 
+ 
other words, G-, is positive in this range, which corresponds to the sltua 
tion .depicted in Figure 14. As far as the selection of -A, + I is c on-? 
cerned, it follows the strategy previously used; we attempt to choose 
+ 
-A-, + I to fall between H + I and H, + I. However an interpretation is 
needed for the middle range between a and b, and it is this; -A-, + I 
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«l 
Fig. 12, Projection of Tolerance Bounds, 
ih(db) 
Fig. 13. Tolerance Bounds on Logarithmic Graph 
An ideal -A^I would fall between HJ+I and Hj+i* 
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ought to fall anywhere below EL + I down to -00 +' I and back up on the 
real sheet (-A-, being real instead of complex) from - 00 as far as 'EL. 
The word sheet is used as a convenient term to distinguish between the 
complex range and the real range of logarithmic values* Thus in Figure 
15 EL falls partly on the complex sheet (where it .carries the I symbol) 
and partly on the real sheet,. Of course, the real sheet corresponds to 
the positive axis and the complex sheet to the negative axis of algebraic 
scales of figures like Figure lU. 
Although theoretically -A-, may thus b,e permitted to fall partly 
on the real sheet and partly on the complex sheet, it must actually fall 
entirely on one sheet or the other because it is to "be composed of standard 
components. The latter, as tabulated in Appendix B, are all positive 
throughout the real frequency range, but may be preceded by a negative 
sign for algebraic values and thus be -complex at all frequencies on' 
2 2 
logarithmic scales. Factors of the form (Q) - (t)-,) have not been in-
cluded in the standard components; theoretically they could be, but 
practically they are not found to be necessary and their amission .con-
tributes to simplicity. Reviewing Figure 15, the location of the tolerance 
bounds outside the frequency band from a to b indicates that -A, should 
be complex. Accordingly, the real portion of .EL may be omitted:,,, Figure 
16 illustrates the desirable region for the location of -A, with this 
omission incorporated. The omission amounts to replacing the real part ; 
•+ 
of "H-, between a and b with the point at -00 + I., 
Partly to illustrate the complications attendant upon carrying the 
full H-, boundary forward, but also to contribute further to understanding 
/ 
< 
^* Spo * ^~ 
^^^^^^ «*© 
G 1 G l < * Sl 
Fig. 14. Remainder ToleramGe Bounds with Opposite Signs 
4h(db) 
>v 




Fig. 16, Pertinent Tolerance Bounds. 
area is tke region in wkick ideally -A^*! skomld 
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Fig. 17* Furfeker Projection of Tolerance Bounds 
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the "behavior of the logarithmic curves "by investigating some peculiar 
forms they may assume, consider in the next two figures what happens when 
the problem of Figures 14 and 15 is carried forward another stage. Figure 
17 shows a plot of gn against gp as an extension of the situation of 
Figure 14. At first glance it might appear erroneous that Gp should "he 
smaller in magnitude than Gp. But further examination .shows that the 
desirable region for l/ap extends from Gp to zero (upwards on the figure) 
and on up to -00 (at the top of the figure), and then picks up again at 
gp - +00 ("bottom of figure) and comes up to Gp. Therefore with acceptance 
of the concept that plus infinity is somehow connected with minus infinity 
the superscripts correctly identify the upper and lower tolerance "bounds. 
The situation is portrayed to logarithmic scales in Figure 18. 
The interpretation of Figure 18, as to what is a desirable -Ap, 
follows: 
(1) To the left of a, and between b and c, -Ap would fall anywhere 
from Hp down to - 00 and back up on the complex sheet to H~ + I:. 
(2) To the right of c, -Ap would fall between Hp and H~. 
(3) Between a and b, -A0 would fall anywhere from Hn down to - 00 , 
back up on the complex sheet from --00 + I to +00 + -E, and do"wn from 
•+ OO on the real sheet to Hp. It may not ,cross from below H to above 
Hp directly on the real sheet without producing a non-realizable G p, that 
is, a G p which is negative for some values of 0) . 
If segments of the tolerance bounds are omitted at each stage when 
they are not located on the sheet on which the succeeding element must 
fall, the much simpler bounds obtained for the second remainder are shown 
in Figure 19. A desirable -Ap should fall between Hp and Hp, or between 
Hp and - Oo , as appropriate.., 
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Fig» 18, Complete Tolerance Bounds for Second Remainder. 
Ak(db) 
Fig. 19. Pertinent Tolerance Bounds for Second Remainder, 
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"The procedure for -incorporating the tolerance bounds into the semi-
graphical approximation method has been given above. The advantage of 
doing so include the ability of the method to handle non-uniform prescribed 
tolerances and ready determination of the stage when an approximant accept-
able throughout the frequency spectrum has been achieved. 
Summary of the -strategy*--The points previously developed which .contribute 
to the strategy for selecting Ejuccessive elements are restated below. The 
statements are made for the case when k is even. For k odd, -A, + I must 
be •substituted for -A,, H, •+ I must be substituted for H, , H, + I must be 
substituted for .HĴ  and vice-versa. • 
(1) -A, must fall below B__.. This insures that all G are less 
than G , and that a convergence-producing strategy is being applied. -A, 
fall on the same sheet as H. •• -A, are chosen from the table of standard 
components, or may be the sum of several such components.. 
(2) -A, are chosen greater than H~ if possible. In regions where 
this choice can be made, G , is greater than G , and this, coupled with (l), 
OK O 
means that G , is an acceptable approximant. 
(3.) Subject to (2), -A, is chosen to fall closer to HT rather than 
H, in order to produce less violent fluctuations in Hf . This should 
help to make the choice of the succeeding element easier and of lower 
order. 
In lieu of (2), the lower tolerance bound may be omitted from the 
calculations and dependence placed instead on equations (23), (.26), and 
(39) in conjunction with Appendix D, checked by direct calculation of 
apparently favorable approximants, to .determine when a satisfactory approxi-
mant is achieved. 
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Examples 2 and 3 in Appendix A illustrate the application of this 
method to the solution of approximation problems. 
Comparison with the method for a,G, less than unity.—The exposition of 
the preceding several sections was all based on the magnitude rule that 
a. G, be greater than unity; or upon the modification, â Grr greater than 
unity (the superscript depending on whether k is even or odd), to include 
the effect of prescribed tolerances. In this section the differences 
between that method and the case in which a, G, are less than unity are 
briefly surveyed. 
If successive elements sire chosen so that a,G, are consistently 
less than unity, A, + H, is negative, so "that --A, falls above H, instead 
of below it as in the previous case> Equation ('12:), which applies to 
both cases, shows that all H,, and hence all "A. , are real, and that \ + 1 
falls below -%• The first important difference is that successive approxi-
mant s do not all improve as k increases. Successive even approximants 
improve and successive odd approximants improve; thus H 2 falls between 
H and H , and H „ falls between H ., and H ; but there is no simple 
oo o' o3 ol o 
relationship between even and odd approximants. Thus if H is a satis-
factory approximant in some range, -A' and -A may have any values greater 
than their corresponding remainders in this range and H p will be a satis-
factory approximant; but there is no guarantee that H , is any good. 
Some miscellaneous properties that are very similar to those of 
the case when a,G, are greater than unity include the following.. 
(l) |HQk - H Q | is less than (B^
 + \\> No three-decibel limit 
on preceding H, + :A. I is required for this property to hold as it was for 
the case, a,G, greater than unity. 
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(.2) The relationship to comparison series is similar, as discussed 
in Chapter I U . 
(3) ¥heh -A. -is very close -to EL there is a similar sharp dip in 
the remainder. 
(k) . Behavior at ends of the prescribed frequency range is similar, 
making it desirable to choose -A0 close to the upper limit of the pre-
scribed tolerance. 
(.5) The equation used to show -what choices for -A will produce 
linear remainders is similar but with the I symbol omitted. It is 
A^ = - H^ + X(H^. + 20pv + K) (K6) 
When the method is modified to incorporate upper and lower tolerance 
bounds, the basic inequality rule becomes: 
a k G k • < 1 
This applies whether k is even or odd. In a manner similar to the -strategy 
summary of the preceding section, the •strategy in this case may be briefly 
stated as follows. 
(1) -A, must be greater than E. *, 
(2) -A, is preferably less than H, ,. 
(3) -A is chosen preferably closer to H, than to ST in order to 
reduce fluctuations of the remainder. 
A series of figures -serves well to illustrate typical behavior of 
curves resulting from the application of the above strategy. Figure 20 
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shows a prescribed function, first element, and resulting tolerance bounds 
of the remainder* Figure 21 shows th;e shapes of curves obtained when the 
procedure is extended another stage.. Note that in the middle of the 
spectrum both tolerance bounds go off the real sheet, which is a .difference 
between the behavior of these curves and those Of the method illustrated 
in Figures 15 and 18. Figure 22 portrays the algebraic values of the 
quantities concerned at a frequency in the middle of the range. Note 
that for any positive choice for gp, g will fall within the tolerance 
bounds. 
This concludes the exposition of both variations of the first 
method of semi-graphical approximation presented in this thesis,,. It is 
a method by which approximation is achieved, or at least attempted, 
throughout the frequency range of interest at each stage, and it is a 
method employing general rational functions as elements, its chief 
advantage over the methods of succeeding chapters Is that, with fortunate 
choices for a-̂ ft) ),r. fewer stages are necessary to reach the final result. 
It requires considerable art, however, in the selection of successive 
elements, 
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Fig. 20, Curves for tke Case a^G^ Less tliam Unity* 
Fig„ 21, Second Stage Curves for a^G^ Less tkan Unity. 
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Fig0 22, Projection of Quantities for the 
Case a»_G£ Less than Unity, 
In the figure above the vertical axis is both the g( 
axis, directed upwards, and the g« axis, directed down-
wards,, The figure shows that for any positive choice for 
G00 (l/a9), G^0 will fall between G > and G -, and hence 




APPROXIMATION WITH LINEAR FUNCTIONS A15YMFT0TIC AT .mFINITY 
Restriction on the form of elements,,—A weakness of the method set forth 
in the preceding chapter is the degree of art required in the selection 
o 
•of successive a, ((0 ) , which are rational functions either positive for 
all frequencies or negative for all frequencies.. Only relatively simple 
samples of such functions can 'be readily recognized., although all are 
composed of standard components of the types tabulated in Appendix B. 
In Chapter II several alternative methods of expanding jG (to)' ) 
in continued fraction form were illustrated, among them expansion in 
2 
terms of monomial functions of to) asymptotic to corresponding remainders 
as d> increases without hound. The e:xp,ansion has the form 
G0 0O 
a + i 
° i — i -
a 2 + . 
where ak = \ W k and a)-^a> a k
G
k
= 1 ( W 
The h, are constants, positive or negative, and p, are integers, which 
may he positive, negative, or zero. -A. , the logarithmic representation 
of a, against the variable v, is linear, from which derives the title of 
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this chapter. The chapter develops the procedure for using the form (47) 
of continued fraction expansion as a semi-graphical method of approximation, 
Nature of prescribed tolerances at ends of the frequency range of interest.• 
The first problem that arises is a relatively minor one. What choice 
should be made for a if the asymptotic behavior of H is K - 20nv, with 
n not an integer? Something must be specified about acceptable tolerances 
before a decision can be made. If the asymptotic behavior of H is 
specified as above, together with a fixed tolerance limit of +N decibels, 
there exists no rational function which can meet the requirements. There 
mufst 'be, for W greater than some a), > .a. relaxation of the tolerance re-
quirement such that it has the form -+(.N. .+ 20d log ^-), with d large 
k 
-enough so that ,an integer falls between n •+. d and n - d, in order for 
a rational function to exist satisfying the problem requirements.. The 
same is true at the low frequency end of the -scale. Often at the ex-
tremities of the frequency scale G is specified to fall between some 
constant values; for example, H_ might be specified to be less than -30 
decibels at high frequencies, as indicated in Figure 23. In such a case 
any _A with a 20p decibels per decade slope (p being an integer) that 
falls in the shaded area of the figure to the right of log 0>k is accept-
able as the first element.. 
Intersection of asymptote with prescribed function.—Figure 24 illustrates 
another •situation that will arise in this method. Both nH and nH have 
,1 o 2 o 
the same asymptote, -A > In one case -A lies entirely above the given 
function. In the other it lies partly above and partly below. Evidently 
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Fig0 230 Typical Tolerance Prescription for 
Frequencies Outside tie Range of 
Interest * ' 
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Fig» 24. Intersection of Asymptote witk Prescribed Function. 
Fig* 25, Typical Curves of Linear Asymptote Method, 
8o 
the relation a,G, ^ 1, which was used in Chapter I U to investigate the 
convergence of successive approximant.s, may not apply with the same in-
equality sign throughout the frequency spectrum;. Also the sign of 
H + A may change in the range of interest, with a consequent change 
in the I symbol assigned to H-,. Figure 25 portrays a series of typical 
curves which may occur as a result of an intersection of an asymptote 
with a prescribed function, 
-An inherent difficulty of the'lihear asymptote method.--The major problem 
presented by this method is that of obtaining an approximant acceptable 
over the entire frequency range when formally the method deals only with 
high-frequency asymptotic expressions. For example, suppose that for U) 
greater than one, G actually has the values represented by the con-




w 2 + . 
whereas for a) less than ,one, G equals 0.6l8. The prescribed function 
and the first six approximants obtained by continued fraction expansion 
in terms of asymptotes for large u) are sketched in Figure 26. The 
approximant.s become very good in the region where IL is analytically re-
lated to its behavior at infinity, but bear no relation to its behavior 
at low frequencies; and this situation will persist as long as attention 
•h(ib) 
Fig. 26, Approximamfcs for Special Example,, 
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is confined solely to the high-frequency behavior. Since H is given 
graphically or in tabulated form it cannot he supposed that there is any 
analytic relation "between successive portions of the curve. 
. . It may also '"be noted that in the high-frequency region of Figure 26 
successive approximants of higher order are very close to the prescribed 
curve. In fact, depending upon the prescribed tolerance limits, they 
may be too .close in the sense that they lead to an unnecessarily high 
order in the resultant final approximanto This suggests the strategy to 
be developed. It is to start with asymptotic approximations for large 
6L) , but then to shift attention gradually to the left, at the same time 
adhering to certain conditions which will guarantee that what happens 
to the right of the current range of Interest will not throw the final 
approximant outside the tolerance bounds. 
Effect of precise element location.—First consider the effect of small 
changes in the location of an asymptotic element. Three possible choices 
for -A are shown in Figure 27, along with the prescribed function and 
the three resulting remainders, each corresponding to one of the choices 
for the element. Suppose that H has a fourth order zero at Infinity. 
The -A curves have the form K - i*01og a) . -E... is the remainder 
corresponding to --,A . Its shape indicates that the full coefficient 
h 
of 0) in the denominator of G was not removed, leaving ..G- with a 
fourth order pole at infinity. The shape of ~H indicates that the 
k h-
coefficient of to in ^a is greater than the coefficient of (0 In the 
denominator of Q , leaving J} with a fourth .order pole at infinity 
Fig. 27. Effect of Small Ckanges in Location of Linear 
Element. (Tke Subindices Indicate tke Parti' 
cular Remainder Hi to be Associated witk 
Eack Ckoiee for -JL„) 
© 
Qk 
having a negative coefficient. Hence the I symbol is associated vith the 
right hand portion of .-H-. . The shape of .pH, indicates that exactly the 
proper coeff iclent was removed., and that ?H has a second order pole at 
infinity remaining. It can he <s:een that ^L^ is the preferable remainder. 
Otherwise the next step involves removing the residual fourth -order co-
efficient, whether positive or negative, and an unnecessary stage has 
"been included in the procedure:;. 
Remainders with linear asymptotes.:—In Figure 27 2
H-i is snc,"wn having a 
straight line as its high-frequency asymptote;. It is entirely possible 
that no such H-, can b,e found. A remainder that is linear at high fre-
quencies will only occur under special circumstances, as shown 'below* 
Equations (̂ 3) and (46) give the condition for a linear H-, as 
A = - H + L(H + 20p,v + K_.) 
o ,o o ,1 1 
in which K-, may be real.or complex. This may be written in an equivalent 
form, 
H : + 20pnv + X, = L(A + H ) o -̂ 1 1 v o o 
For large v, A + H becomes very small and 
o J O O 
~(A + H ) 
L(A + H . ) = 10 l o g ( l - 1 0 1 0 ° ° ) 
o o 
10 l o g ( l - (1 +^~U0 + H ) + • . . . ) ) 
i l - 1 0 ( l + log log e) + 10 log(A + H ) 
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At the same time H approaches K - 20p v, so that 
KQ + Kx - 20(pQ-p1)v « I - 10(1 + log log e) + 10 log(AQ + HQ) 
C. - 2(pQ-p1)v «*log (AQ + Ho) (48) 
A + H ** - ol ° ' •. N 
0 ° 102(po-Pl)v 
Since A + H becomes very small, p must be greater than pn . C may be o o o i 
positive or negative. 
Equation (48) shows the manner in which A + H must approach 
zero as v increases in order for the remainder to have a linear asymptote. 
If p., is not an integer H-, will become linear, but its slope will not be 
a multiple of twenty decibels per decade. If A + H does not approach 
zero in this exponential manner, H, will not approach a linear slope. 
For example, if A + H equals ^ - for large v, 
H-. = A + I + L(-A - H ) 
1 O 0 0 
&& - K + 20p v + -E - 20 - 10 log log e - 10 log v 
which is not linear. 
Incorporation of tolerance bounds into the method.--A procedure is needed 
which will take care of non-linear remainders of the type indicated above, 
and which will also permit the range in which the successive asymptotic 
terms -A, are close to their respective remainders to be extended into 
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regions of progressively lover frequency. Such a procedure is obtained 
by considering the tolerance limits prescribed in the problem. Figure 28 
depicts a given H and corresponding tolerance bounds, along vith the 
asymptote -A , the remainder H , and the tolerance bounds for the re-
mainder. Figures of this type may be simplified if the H, themselves, 
and those boundary segments vhich are not on the same sheet as the 
succeeding -A,, are omitted. Modifying Figure 28 in this manner leads 
to Figure 29. 
On the latter, tvo possible choices for -A, are indicated. Both 
fall vithin the tolerance bounds E-^ and ^ for large 0). In both cases 
the range in vhich -A-. falls between the tolerance bounds extends to 
the left of the range in which -A falls between H and H . This means 
D o 0 0 
that if the expension is halted after the determination of -A-,, H , 
falls within prescribed tolerances over a greater range than H . As 
to differences between the two choices, -,A falls between H, and H, 
over the greater range, while -pA is closer to the desirable band at 
very low frequencies. Before making the selection, the advisability of 
inverting H-, prior to the selection must be considered. ' 
Effect of inverting remainder before expanding.--The effect of inverting 
a remainder before continuing the procedure is best illustrated in a 
simple example in the algebraic domain,. Let 
G *** — 1 — 
o 7^> . .2 (JU + OJ + 1 
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^ v 
Fig, 28, Tdleramee Bounds im the Limear Asymptote Method. 
^h(db) 
Fig* 29. Essential Curves for Linear Asymptote Method. 
(A Segment of the l£ Bound has been Replaced 
by -0OB Two Possible Choices for the Next 
Element are --̂A.. and *9A:,A) 
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From equation (4) G1 is determined to be 
4 2 4 2 
G-,«* U) + CD + 1 - 0) = CO + 1 
If G, is not inverted, and the normal procedure is used to find Gp, 
Q = 1_ _ a JŜ . 1 1__ = -1 
2 Gl 1 CD2 -hi tO2 CO4 + 0)2 
Continuing in a similar manner, 
4 2 , 
01 + 0) 4 2 
G «rf - ^ 0) = - 0) 
4 0) ̂  0) ̂  
Recombing the elements to form G ̂ J 
Go3 " , ' " "T" 2 " 
CO4 + 1 : OJ + CO + 1 
1
 + - i ': 
0 ) 2 4 -co + 
U)2 
If, on the other hand, G-, is inverted "before Gp is determined, the calcula-
tions are: 
1 2 2 
G2 = — - a.± = G1 - .a1 ̂  U> + 1 - (A) = 1 
G <=» | - 1 = 0 
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G = _ - i _., 1 
k 2 1 h 2 
OJ + li) + ~ OJ + 0) + 1 
The principal result is that in the second case the final approximant vas 
reached in one less stage, thereby simplifying the calculations. 
It is not always true that inversion reduces the number of stages. 
For example, in the case of 
« ~> <'JD2 + l 
the normal procedure achieves the desired final approximant in fewer 
stages than the inverting procedure does. 
• Inversion is accomplished in the logarithmic domain simply by 
replacing H, with -H, before selecting -A, . Its effect on the expansion 
in the algebraic domain is to replace 
— — — - with a. + G. ,_ . 
ak + Gk+l ^
 k + 1 
Possibility of obscuring an important variation in the prescribed function, 
A second important consideration in deciding whether or not to invert a 
remainder before expanding it in continued fraction form is illustrated 
in the following example. Let 
G ^ - z r ^ = —. I 
° u)6 + u ) 4 + co
2
 + .01 o>
4 + u)2 + i + '
0 1 
I D 2 
k 
As in t h e preceding s e c t i o n , a equals CO , and 
G-, ** 0) + 1 + - ^ 
1 U) d 
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Inverting and expanding, 
G2 •* 1 + ^ 
From this point, Gp may be expanded in the normal manner, or it may be 
inverted again and expanded; in both cases the desired final approximant 
will be achieved, although in the second instance it will be reached in 
fever stages. 
Suppose, however, that Gn were expanded without inversion. 
-1- ^f 
G ^ i _ i _ = < » > 1 _ 
2
 (0
2 + 1 + ^ i ft)2 (04 + ft)2 + .01 
ft) 
ij. 2 
~ 1 f W +1-010) + .0^ 
** I I — — ( — " 5 2 ""* 
0) + CO ft) + U) + .01 
The factor in parentheses is approximately equal to unity at all frequencies, 
and is never greater than 1.00833« In terms of decibels the maximum devia-
tion of Gp from its value with the parenthetical factor omitted is 0*036 db. 
It is easy to see that a factor of this type could readily be lost from 
view in the logarithmic calculations. If in this case the factor is lost, 
the expansion is the same as in the preceding section, and leads to 
° o 3 = 7 ^ w2 + i 
instead of the desired approximant; and a significant variation at low 
frequencies has been lost. 
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Criterion for decision on inversion.—A policy for deciding vhether or 
not to invert a given Hv is obtained by considering the desirable.proper-
ties of the remainder H, -.. The remainder should not obscure significant 
variations in the prescribed function, and it should lead to an expan-
sion of fever stages. Table 1 is a very useful aid in making a deter-
mination on inversion without going into detailed calculations. It is 
based on equation (12), and provides the means for making a rough sketch 
of H, ,-, for both options, normal and inverted. 
Suppose that some H is an acceptable approximant. H must then 
approximate a straight line, so that -A , the logarithmic expression of 
the last element, can fall close to H throughout the frequency spectrum. 
This suggests that it is desirable for successive H, to have progressively 
smaller differences between their high-frequency slopes and their low-
frequency slopes. To be more specific, let s, and s be the slopes of 
H, at zero and infinity respectively. Table 1 shows that as--A, approaches 
H, at infinity, H. is less than either -H. or A + I by increasingly 
greater amounts, s, ,, is therefore less than -s. : let s, ,, equal -s. - N. & k+1 k k+1 k 
At the low frequency end the "behavior of H,+1 depends on whether Re(-A_) 
is greater or less than Re(H,). If s, is greater than s , -A, which has, 
of course, the constant slope s, , falls far below H. (or L + l) at low 
frequencies, and K, ,.,,- which then approximately equals A + I, has the 
slope, sfc+1 equals -s . The difference between s and s is N„ If 
on the other hand s, is less than s , -A falls above H. (or H. + I), and 
s, ̂ i equals -s. . The difference between s. _ and sn ,_ is then equal to k+1 k k+1 .k*i 
N - s, + s , which is less than N, and usually smaller in magnitude. 
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-A, and H, on the same sheet. 
Location of Element 
- \ « \ 
- \ < \ 
- \ = \ 
- \ > \ 
-Ak » \ 
-A^ and K on opposite sheets 
Location of Element 
-Ak <r H^ + I 
-V = =* 
-*k > \ 
+ I 
+ I 
" \ > ** + * 
Location of Remainder 
\+i ~ *k
+ * 
^i < \ + J 
Vi = - °° 
^ i < - \ 
\+i ~ - \ 
Location of Remainder 
\+i ~ \ + * 
Vi > ^ + i 
<Ak + I + 3-01 
\ + l * *k
 + > + 3 ' 0 1 
= - Hk + 3-01 
> " \ 
* Note: H_ ,-i is on "the same sheet as the quantity with which it is com-
pared. 
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The foregoing analysis suggests that the following procedure he adopted: 
If -A. falls above H, (+-l) at low frequencies, expand in the. normal 
manner. If -A, falls below H, (+l) at low frequencies, invert H, and , 
then expand. 
Fortunately, this rule is also good from the viewpoint of con-
serving significant variations. From Table 1, if -A. falls far above 
H. (+3E), H, I is approximately equal to.-IL and thus preserves varia-
tions in H, in the region where the inequality holds. On the other hand, 
if -A. is much less than H, (+l), H, ' is approximately equal to A + I, 
which is linear; hence significant variations from H, may be lost from 
view in ranges where this inequality holds. The example of the preceding 
section falls in this latter category at low frequencies. 
Application of inversion criterion and selection of element.—Return 
now to a consideration of the problem illustrated in Figure 29. Here 
two choices for -A-, are available: ^ A has a slope of 20 decibels per 
decade and -pA_ - has zero slope. In addition a decision is to be made 
whether or not to invert H-. before proceeding. Consider first the case 
of -pA . Whether H is inverted or not, the asymptotic behavior of Hp 
and Hp for small (0 will have zero slope. If -Ap, the next succeeding 
element, were to be the last element in the expansion, it would also 
have a zero slope. But if such a -Ap were possible it would also be 
possible to find a value for -pA-, that would fit between the tolerance 
bounds for all frequencies, and the figure indicates that such a choice 
does not exist. Thus if -pA , inverted or not, is chosen, there must 
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be at least two additional stages remaining before the expansion procedure 
is completed. 
Suppose that -,A_ is chosen without inverting. For low frequencies 
-,A is very much less than H, and H. . Table.1 indicates that in this 
range Hp and Hp will be approximately equal to ,A + I. Not only do low-
frequency variations of Hy- disappear in Hp-, but the band between Hp and 
Hp practically vanishes at low frequencies, so that selection of -A? is 
very restricted.: Also -A? cannot be the last element because it and all 
preceding elements have non-zero slopes; since H has zero slope for 
small to), no expansion solution can be found without at least one element 
with zero slope, that is, without at least one constant in the continued 
fraction expansion. 
The remaining option is to invert H-, and test --jA... The pertinent 
curves appear in Figure 30. The curves Hp and Hp, which may be sketched 
with the aid of Table 1, indicate that there is a chance of finding a 
-Ap which will fit between the prescribed limits for all frequencies. 
Only an actual calculation with numerical values will reveal whether or 
not such an element is indeed possible.: Some adjustment of -,A may be 
needed, particularly to keep it far enough from H-, so that the tendency 
of Hp to dip down in the middle of the frequency range will be limited» 
A simplification in the calculation of tolerance bounds.--The preceding 
figures indicate that where tolerance bounds:are incorporated in the 
linear asymptote method, they frequently change from one sheet to another 
and present a confusing aspect, especially when upper and lower bounds 
>- v 
Fig. 30. Inverted Tolerance Bounds, Linear Element, and 
Remainder Bounds, Representing Optimum Choice 
of Inversion Option and Element, 
97 
are on opposite sheets. A simplification as well as a saving of computa-
tional labor would result if certain segments of the bounds could be 
disregarded with the assurance that the final result will still satisfy 
the prescribed tolerances. In Chapter IV such omissions were permissible 
+ 
because of the requirement that -~A. be greater or less than Ĥ . or Ĥ . m 
a systematic manner. Now that -A, are limited to linear functions and 
may therefore intercept both bounds, it can no longer be assumed that 
these omissions will not introduce errors. 
Figure 31 shows the effects on tolerance bounds of a particular 
choice of l/a at three different frequencies. In all three instances 
' 0 
the band in which it is desirable for l/a^ to fall is shown shaded. Now 
+ 
suppose that because of the shapes of G-|_ and G it is desirable to in-
vert G-, before proceeding. Letting 
gi = g7> Gi = G ; > a n d G i = - ? > 
-L -L Lr-, 
and again shading the segments of g-j most desirable for the location of 
l/a-, j the situation at the three frequencies in question appears as shown 
in Figure 32. Note first that the desirable segment for the location^of 
l/a-, in the case of 0t)_ now extends along gj out to plus and minus in-
finity instead of through zero. A comparison of the location of the1 
tolerance limits at the three frequencies shows that the half-axis on 
which g-j is negative is the region of interest for the location of l/a...-
This corresponds to the logarithmic sheet on which H, carries the I 
symbpl. Suppose further that in order to simplify the calculations 
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r l G *1 
Co a t u>< 
Fig0 31o Location of Tolerance Bounds at Three Frequencies. 
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Fig, 32„ Inversion of g and Effeet 
Bounds for g0, 
of Element Gilo ice on 
{tttmttttufdtu 
- • 6 < 
Gn 2 *^* 
g2 
V 
Fig, 33» Modified G% ©bfeaimed by Assuming Gj1 at Infinity 
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G, was dropped from further consideration in the region of to as being 
on the opposite half-axis from that on which it was planned to locate 
l/a-, (this follows the practice of Chapter IV). Now observe the tolerance 
bounds on gp« Evidently the half-axis of interest is the positive one* 
In the case of 0J?, G-p sets an upper limit of l/ap. If, however, G, had 
been dropped from further consideration, as suggested above, the loca-
tion of Gp would not be known, and l/ap might be chosen to fall outside 
the desirable band although assumed to be inside it. 
It would appear at first glance, then, that it is necessary to 
carry the full calculations for both tolerance bounds throughout the 
entire problem. A compromise solution, however, that appears to be 
satisfactory in practical cases, and which reduces the number of calcula-
tions, is to assume G-, , in such situations as that of Figure 32, to be 
at infinity in the region of &).-,• T h e effect on g^ is shown in Figure 33 • 
The desirable region for l/ap has been reduced a little, but in practice 
this does not prove to be unduly restrictive. The calculation of Go is 
simple; in the logarithmi'c domain it is 
Hp = i + A •+ L(-0o) = I + A , a straight line. 
The sequence, Figures 3^ and. 35, illustrate the effect on logarithmic 
curves of adopting the above convention. Figure 35 shows that the Hp 
bound based on the assumed H-, does not restrict the choice of -Ap. 
Summary.--The procedure for expansion in terms of linear high-frequency 
asymptotes is summarized below. The procedure is applied to the prescribed 
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fh(db) 
H| assumed at 
infinity in this 
l-̂ -region — *> 
Fig. 34. Convention for Location of HJ, 
(In Order to place ^A^-H above Hi+I at low frequencies, H^ 
is inverted as shown in Figure 35. Tkis inverts the bounds 
and exchanges their superscripts.) 




|̂ -H2 assumed at ^ooim this region-* 
Fig. 35, Effect of Convention on Tolerance Bound in 
Succeeding Stage, 
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function and to each successive remainder in the same manner. 
(1) Let H, and its tolerance bounds, R, and IL~, be given. A 
linear function, -A,, is selected that approaches K asymptotically 
at high frequencies, and falls between the tolerance bounds at high 
frequencies. -A, must have a slope equal to an integral multiple 
(positive, negative, or zero) of twenty decibels per decade. If H, 
is complex at high frequencies, so is -A. . 
There are two ways to handle the tolerance bounds. One is to 
carry only the bounds forward from stage to stage and ignore the actual 
prescribed function. The othe:' is to carry the prescribed function and 
a few key points on the tolerance bounds forward from stage to stage. 
In the latter method the prescribed function or any corresponding re-
mainder may be altered slightly, within the tolerance limits, to 
produce desirable behavior in the succeeding remainder. The latter 
method may often require fewer computations than the former, but it 
tends to produce unnecessarily close approximation at high frequencies. 
(2) A decision is made on whether or not to invert H, before 
calculating H, ,, • The decision is based on placing -A. above H, or 
H, , in regions where the separation between them is great, and on 
minimizing the difference between the high-frequency and low-frequency 
slopes of K, ,-, • Table 1 is an aid in making this determination. 
(3) A fine adjustment in the location of -A. may be made to 
provide the longest range of frequencies in which a linear -A, ,, could 
fall between H.+1 and HT+, , or to produce the longest range of linear 
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behavior in H, , . Equations (̂ 3) or (̂ -6), pertinent to the production 
of linear remainders, may be useful in accomplishing the latter objective. 
(4) H, and HL~ are calculated point by point. Equation (12), 
in either form as convenient, and the tables of L(u) in Appendix C, are 
+ - - + 
used, keeping in mind that Hk+., devolves from E , and H, +_ from IC. Al-
ternatively H, _ only is calculated, together with a few critical points 
on the tolerance bounds. 
(5) Where a tolerance bound of H.+1 goes off the logarithmic sheet 
on which -A,,-, will be located,, in a region where -A- _ will fall between 
the bounds, the bound may be replaced by +_ 00 as appropriate. This con-
vention is designed merely to simplify calculations. 
(6) E, ,-, or its tolerance bounds having been established, the 
J£"r J. 
procedure is repeated commencing as in paragraph (l), 
(7) If -A falls within the tolerance bounds for H throughout 
' n n 
the entire frequency spectrum the expansion procedure is halted. G is 
the required approximant, and is calculated as follows; 
on A 
o 
1 0 1 0 + 
(49) 
•tk 
1 0 1 0 + . 








except in cases vhere inversions were made. Suppose that H, had been 
inverted in the expansion process. The formula for G would then he 
Gon " T " 
o 
10 10 + i (50) 
A l 
io1 0 + . A - i A 




Example k, Appendix A, is !a numerical illustration of the method 
of approximation with linear elements which are the high-frequency 
asymptotes of corresponding remainders. 
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CHAPTER VI 
APPROXIMATION WITH OTHER.ASYMPTOTIC FUNCTIONS 
In the preceding chapter succeeding elements in the continued 
fraction expansion of G ( (0 ) were chosen so that, within prescribed 
tolerances, their reciprocals were the asymptotes (in the logarithmic 
domain) of the successive remainders at high frequencies. The ele-
ments were accordingly restricted to the form b, CO k, which gave 
them the convenient linear form on logarithmic scales. Neither the 
restriction of the form nor the requirement that the asymptotic be-
havior occur at infinity are necessary. The class from which the 
elements are selected could be extended to include those tabulated in 
Appendix B, or any more general class of rational functions of the 
2 
variable CO • The elements may also be chosen to exhibit their 
asymptotic behavior at zero frequency, at some intermediate frequency, 
at different frequencies in successive stages, or at more than one 
frequency in each stage. In this chapter several alternative asymptotic 
methods differing from that propounded in Chapter V are considered. 
Linear elements asymptotic at zero frequency.--In the method of con-
tinued fraction expansion with lineai' elements asymptotic at infinity, 
two different approaches were advanced. In one -A, was chosen to 
approach H, in such a manner that EL .. was essentially linear over a 
greater range than H, . In the other attention was centered on the 
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bounds Hk and HJ", rather than on the function H. . The former approach 
tends to produce a final approximant that is much closer to H at high 
frequencies than at low ones. The same tendency is present in the 
latter approach, but is much less marked. 
This suggests that if primary interest is centered on the be-
havior of the prescribed function at other than high frequencies, it 
might be well to develop the continued fraction expansion in terms of 
elements asymptotic at or near the frequency of greatest interest. In 
particular if this frequency is zero, -A. may be chosen as the low fre-
quency linear asymptotes of corresponding remainders. Instead of start-
ling at the right and working the region of satisfactory approximation 
toward the left, we may start at the left and work to the right. In 
all other respects the method is identical with that of Chapter V. 
Linear elements asymptotic at an Intermediate frequency.--In the case 
of expansion in terms of functions asymptotic at some intermediate fre-
quency the situation is more complicated. First of all, since G is 
finite and non-zero at all intermediate- frequencies, the first element 
removed is a constant. The logarithmic curves appear as in Figure 36, 
where (i) is the intermediate frequency of interest. The figure shows 
that H-, changes from the complex sheet to the real sheet at v equals 
log 0) } going through minus infinity. This is a result of the fact 
that G-. has a zero at 0) and changes sign at that frequency. Evidently 
no linear functions can be found to approach H-, asymptotically at log 
CO • Functions of the form "'m 
.2 




% V»m. Jtib 
-A. 
->v 
H 1 + I 
Fig. 36. S ingula r i ty Produced by Removal of F i r s t Element 
witk Curves Plot ted to Normal Frequency Scale, 
*0O ~Q0 
< • v • w 
Fig, 37* Rfeplot of H witk V as Abscissas, 
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are needed; one such function would approach H-j_ i-n ̂ he desired manner 
at log 0) f A 'difficulty is posed "by the fact that tables of such 
factors would have to "be carefully computed for very small increments 
of (JL) in the vicinity of 0) so that the shape of the selected function 
would approximate the curved shape of H-, in an asymptotic manner as <jj 
approached U) ; and even with such tables it is inherently harder to 
match two curves together than to match a straight line with an 
asymptotically linear function. 
An alternative procedure is to replot H at the outset to the 
new frequency scale, 
log (-^- 1) 
V = log ^ = m (51) 
L e t t i n g vm = log -^- , 
m 
I + L(20v ) L(-20v ) 
V = 2L = -v ' + El . (52) 
20 m 20 K? ' 
From equation (51), when ID is greater than ft) , v is positive, 
X is positive, and V is real. 'When 0) is less than 0) , however, v 
• . w ' m 
is negative, A. is negative, and V is complex. Equation (52) shows 
2 
that when V is complex, its imaginary part is l/20. As 0) varies from 
2 
zero to infinity, X varies from -1 to infinity, and V varies from 
0 + I to - 0O + I and from - OO to + <X> . Thus V may have any real value, 
hut only complex values with negative real parts. This means that the 
replot of H will appear on "both sheets of V as indicated in Figure 37 •• 
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Let V: + — = V1 for simplification in labelling axes; thus V1 is the 
real part of V when the latter is complex. The replotting of H is , 
simplified by the fact that for large positive v , V is approximately 
equal to v , and the plot of H is not altered in this region. For 
example, when v equals 1.0, V equals 0.9978; if the shape of H at 
this point indicates that a lateral shift of the curve of 0.0022 decades 
would produce a negligible change in Samplitude as compared with the 
tolerance limits, then V may be assumed equal to v without introducing 
a significant error. The replot of H for other values of v^ is not 
difficult; equation (52) provides for a quick calculation of corresponding 
values of V. The calculations should include small enough values of 
+ v so that between the smallest of these and zero H may be assumed , 
— m o 
to have zero slope within the prescribed tolerances. 
The procedure now is almost the same as in the case of linear 
functions asymptotic at low frequencies, except that the procedure must 
be worked on both sheets of V. As noted above, the first element will 
have zero slope. The result of removing this element from the function 
of Figure 37 is shown on Figure 38. 
The behavior of H-i as V and V take on large negative values 
may be analyzed as follows. Let 
G o ( ( 0
2 ) = G o ( < ) + ^ ( t U
2 - W ^ 
near (D , where n indicates the order of the first non-zero derivative m 




- < ) 0 
Fig, 38, First Remainder and Succeeding Linear Element 
with V as Abscissas. 
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Thus t h e s lope of E-, w i l l be an i n t e g r a l m u l t i p l e of twenty d e c i b e l s 
pe r decade. The method of l i n e a r asymptotes p r e s c r i b e s t h a t -A, be 
chosen in t h e form 
-A1 = C + 20nV 
For a > < W m , V = V* + | Q 
-A = C + 20n(V + | - ) = C + 20nV +. n l 
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Now if n is odd and C is real, -An is complex for CO < GO . But if n 
' 1 r m 
2 2 2 
is odd, G ( &) ) crosses G ((0. ) at (i) ; G (tt) ) may have a point of 
2 
inflection at (0 , hut it does not have an extremum. Hence Gn( (0 ) m 1 
changes sign at (0 (as in the example of Figure 36, where n equals 
one) and H-,(V) is also complex. On the other hand if n is even 
2 2 
G (CO ) ha,s an extremum at 0) , G_. ( Oi) ) does not change sign there, 
and H-, (V) and H, (V) are both real or both complex. Since nl may be 
discarded if n is even, the method guarantees that -A-. behaves in 
the same way as H-. at the negative ends of both the V and the V 
scales. . 
In the example of Figure 38 the proper -k^ is shown. The 
method then proceeds exactly as in the case of expansion in terms of 
linear functions asymptotic at low frequencies, the only' difference 
being that the problem is carried forward on two logarithmic sheets, 
one for real V and one for real V , instead of on one sheet. Example 5, 
Appendix A, gives a numerical illustration. 
Case where the prescribed function has a singularity at an intermediate 
frequency.->• In the first section of Chapter II it was pointed out that 
most typical prescribed magnitude functions do not have zeros at finite 
non-zero frequencies, but that si method would be advanced in this chapter 
to remove such zeros in those special cases where they appear. The 
method of the preceding section may be applied to this problem. 
If G has a zero at OJ , it can be represented- by 
Gn Gn+P 
G (co2) = -^(o)2 - u)2)n + 4 - - (u>2 - to2)n+p + . . . . 
o x ' -nJ • : ' n+p,! nr 
113 
where n, the order of the lowest non-zero derivative, must be even, and 
n+p is the order or the next non-zero derivative. This representation 
must be possible within the prescribed tolerance limits if a satisfactory 
rational function approximant exists, because such rational functions 
can be represented in this way. Choosing a to be the reciprocal of 
the first term, and solving equation {h) for G-,, 
~ t 2N o / 2 2Np-n G i ( w .)« _„ U . ^ J P 
n+p.' (GQ/I 
The calculation of G-. would actually be performed by replotting H as 
a function of V and applying the method of the preceding section. If 
p equals n, H-, has zero slope. If not the next stage may be carried 
out against the scale of V as abscissas. Usually, however, the 
tolerance bounds will permit p to be chosen equal to n. Suppose, for 
instance that the usual constant tolerance limit in terms of decibels 
is prescribed. Then 
n n+p 
+ , o , v2 , v2<n o / 2 ,,2xn+p N +n 
G~ = ( —r ( U) - 00 ) + —-—(<x> - 0) ) - . . .) £ -1 o ni v nr n+p.! x m 
where 6 is a number usually very close to unity. Recalculating G,, 
ft* G _ _ +1 
G* ~ ^ ( 0 > 2 - (»*)*-* + ( i ^ . ) — - i 
1 n+p.'^T m &-" G1 0 
* v o/ J o, 2 2Nn 
ni v m 
11A 
2 2 
For 0) - (0 sufficiently small, evidently p can be chosen equal to n, 
and G-, will still fall between the bounds imposed by the right hand-
term. 
After the zero has been removed and a constant H-, achieved, 
the remainder can be replotted to the original logarithmic variable v, 
and any of the other methods advanced herein can be pursued; or the 
solution may be carried out in terms of the modified variable V with-
out reconversion. 
A similar procedure may be used.in the rare cases when G con* 
tains a double pole on the real to) axis* 
Non-linear asymptotic elements.--In Chapter V the method treated in-
volved expansion of the prescribed function.in continued fraction form 
with linear elements asymptotic at infinity to corresponding remainders. 
In this chapter the expansion in low-frequency asymptotes again used 
linear functions. For the expansion with elements asymptotic at an 
intermediate frequency, the frequency scale was converted in such a 
way that linear functions could be used. It is not necessary in any of 
these methods for the elements to be restricted to the linear class. 
In Figure 39 a high-frequency asymptotic function of the form 
2 
-A^ = + 10 log bk(l + - ^ ) (53) 
in), 
k 
is used. The advantage of such an element lies in the fact that it 




Fig, 39.. N©m-limear Asymptotic Element* 
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linear high-frequency asymptote, with the prospect that a successful 
final approximant may be achieved in fewer stages. Even better results 
might be anticipated if the class of available functions were extended 
to include the form 
-v=±ioiogyi + 2ci^ + - ^ ) ( 5 M 
k W k 
An inherent drawback is that selection of non-linear -A, is more 
difficult numerically than the selection of linear ones. The former 
are tabulated in Appendix B with respect to a normalized origin, (b,, 6)k) 
equals (l,l), but only at intervals of 0.1 of log 0). If in fitting a 
proposed element to the given curve, it develops that (*>-> does not happen 
to be removed from unity by an integral multiple of one tenth of a decade, 
the tabulated values of either the given curve or the proposed element 
cannot be used, and additional point by point values of one or the other 
must be calculated. This can be achieved by use of the L(u) tables, as 
shown in the next section. It is not a burdensome task numerically if 
the series of calculations only has to be performed once; but where 
an element is being fitted asymptotically to a curve, often several 
trials have to be made to determine the best choice. With -A, of the 
form of equation (5̂ -) an additional choice must be made for the co-
efficient 2c, • Curves of this type are tabulated in Appendix B for 
integral values of 10 log(2ck + 2), which are the values of the 
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normalized functions for a> equal to one, but, of course, a selection 
different from the tabulated ones might be required. From the point 
of view of simplicity of procedure it appears that the selection of 
non-linear elements may be advantageously utilized in the circumstance 
that one of the tabulated standard components happens to fit the re-
quirements for the element, but that in other cases the amount of 
computation involved makes the use of linear elements preferable. 
Elements asymptotic at zero and infinity*--One case in which it is 
feasible to select non-linear asymptotic elements occurs if each ele-
ment is designed to approach the high-frequency asymptote of the 
corresponding remainder as (0 increases without bound and to approach 
the low-frequency asymptote as toi approaches zero. The selection of 
such a function is simplified because its constants are determined by 
the location of the two asymptotes, and as a result only one series 
of calculations of the points on the element function need be made. 
The selection of -A. in this method is made as follows. Let 
-A. be the asymptote of H. for small OJ and -A^ be the asymptote for 
large 0>. 
-A£= 10 logb° W
2 pk 
-j£ = 10 log b£ W2pk 
A suitable non-linear -A 'must approach -A for small U) and -A^ for 
large 0) . A simple choice for -A. which meets these requirements is: 
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-A^ = 10 log 1 - 1 for p° >.p£ (55) 
b ° a ^ £ ^ l w 2 p i 
-A^ = 10 logO^OD^k + b ^ W ^ k ) f o r p * > . p £ ^6) 
Other choices are possible. In effect we have selected here the choice 
which has the lowest order with which the asymptotic requirements can 
be met and which approaches these asymptotes in the Taylor sense, that 
is, the difference between -A, and the asymptotes is maximally flat at 
zero and infinity. 
The formulae for calculating -A. ..point by point are: 
" \ -"<-^-^+A) f O T *k>Pk "(57) 
-Aj. = -A£ + Hi + A£ - j£) for p£ >p° (58) 
Neither of the above formulae will apply to the case where p, equals 
pv. This special case' occurs when the high-frequency and low-frequency 
asymptotes are parallel. 
. In all respects other than those set forth above the procedure 
is the .same-as in cases of linear elements. It will even work in 
cases where -A, i's real and -A_ is complex, or vice-versa (again with 
the exception of the parallel asymptotes case), but may not be advisable 
if the singularities of H, and the element do not coincide. Example 6, 
Appendix A, illustrates an application of the method where -A. is asymp-
totic to H, at both high and low frequencies. 
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CHAPTER VII 
ACCURACY OF THE METHOD 
Sources of errors.—The accurady of the semi-graphical method of approxi-
mation described in the preceding chapters is important not only as an 
indication of its areas of usefulness but also as a guide in applying 
the method itself. The accuracy depends on the choices made for the 
various A, as well as on inherent properties of the method. It is also 
dependent, of course, on the number of decimal places to which the 
tables are calculated. 
The tables of standard component functions (Appendix B) and the 
tables of L(u) (Appendix C) have been carried out to the nearest 
thousandth of a decibel, but are designed principally for calculations 
to be made to the nearest hundredth of a decibel, as entry into the 
tables with values to the nearest thousandth cannot be made without 
tedious interpolation. Interpolation to gain greater accuracy is dis-
cussed in Appendix C. All the operations involved in the method are 
entries into one of the tables or additions or subtractions. The 
principal recurrence formulae are equation (12) for calculating successive 
remainders and equation (13) for calculating the approximants to re-
mainders and the approximant to the prescribed function. Any error in 
the result of any operation indicated by those equations will be ex-
pressed in decibels. The error in addition operations is merely the sum 
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of the errors in the quantities added. The error in a figure obtained 
from the tables and rounded off to the nearest hundredth of a decibel 
is 0.005 db. provided the quantity -with which entry was made into the 
tables is exact. An error of 0.005 db. in H, corresponds to an error 
of about 0.115 per cent in G,. 
Errors introduced :by the tables of L(u).--Let N be the true value of 
a quantity for which the calculated value is N . Let the limits of 
the error in N be expressed by the equation 
N + e" ^ N ^ N + e+ o o o o o 
Jf Jt Jt 
Let N = L(N ) and let N-. be the calculated value of "N, obtained by 
entering the tables with N • The error limits associated with N are 
Nx + e^ ^ N-L ^ Nx + e± 
Before proceeding further we must make clear what is meant by 
the inequality signs above as related to quantities which may be in-
volved in entering the L(u) tables. To do this we draw the curve of 
L(u) versus u in a particular way as shown in Figure kO. Note the 
choice of axes, particularly the reversed scales on the u + I and 
L(u) -4- I axes, which make the points -• CO and - 00 + I coincide. The 
points + 00 and 00 + J are also regarded as contiguous so that L(u) 
may be treated as a continuous curve. Inequality is interpreted in 





Fig , 40. Sketck © £ L ( u ) . 
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to the right of u , and L(u ) greater than L(u„) implies L(u,) is above 
L(up)> in Figure kO. As a result of this definition the following 
algebraic relations hold: 
a > b implies a + c > b + c (c real) 
a > b implies a + c + I < b + c + I. (c real) 
a > b implies L(a) < L(b) 
Returning to the error limits for N , application of the third 
relation above yields 
L(N + e~) ̂  N* « L(N + e+) K o o/ i o oJ 
One of the algebraic identities of L('u) functions, developed in Appendix 
C, which is frequently used in this chapter, is 
L(u + w) = L(u) + L { L ( W ) - L ( - U ) | (59) 
From this equation 
L(NQ) + L{L(e~) - L(-NQ)} ^ N* ^ L(N Q) + 
.+ L{L(#-L(^)} 
If the tables of L(u) were calculated to a large number of decimal places, 
we could write 
L(N ) = N1> and therefore 
ef = i,{L(e+) - L(-No)} (60) 
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Since the tables are rounded off at a limited number of decimal places, 
an additional component of error must he added as shown in the next sec-
tion. Thus equations (60) give only the contribution to the error in N, 
that arises from the error in N . 
o 
Errors in the calculation of remainders.—Consider one form of equation 
(12), 
^ i - -Hk + L ( A k + V ( 6 l ) 
which is used to calculate successive remainders. Let e, and e, "be the 
limits of error for E., eZ+i "tne corresponding limits for H, ,,, and 
d.+1 the component of error in H', , introduced by rounding off the 
quantities obtained from the tables of L(u). 
First, a distinction should be made between non-linear and linear 
A,. For non-linear A- the values for each point are obtained from the 
tabulated standard components of Appendix B or the L(u) tables of 
Appendix C. Thus for non-linear A, a component of error must be 
included due to a possible error in A, itself. On the other hand, 
linear A, are chosen directly by observation of the logarithmic re-
mainders. They have the form C, + 20nv. If, for example, C, is chosen 
to be 7»23, and the intervals of v are chosen so that 20nv has no 
decimal part less than 0.01, then A, = 7°23 + 20nv is exact for all v, 
and no error is introduced with. A. . In the examples of Appendix A, 
intervals of v of 0.1 are used, but even if intervals of 0.001 were 
used the linear A, would be exact. Let the error associated with A-, 
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if any, be +d&k< 
The lower error limit for IL is calculated as follows. 
c+1 
Hk+1 + ek+l = " \ ~
 ek + L ( \ + dak + \ + ek> - dk+l 
Making use of equation (60), 
Vl •-<- \+l
 + L { L ( d ak + ek> " L<-\ " V } 
From equation (59) a-nd other i den t i t i e s of the algebra of L(u) 
• V l - - 4 + < + dak " \ + l
 + L ( L [-L("\ " ^ 
- L C - L K + v]} 
= dak-dk+l
 + L { L ( - \ - d a k ) "
L<V+ V } 
The same result is obtained if the alternative form of equation (6l), 
given in equation (12), is used. The other error limit is obtained in 
a similar manner, and both may be combined to yield 
k+1 ak — k+1 
L { L K tda*>-LK + V } (fe) 
If linear A^ are used, the equations become 
A note on the value of d must be interpolated here. The 
magnitude of d,+-, depends on the number of decimal places to which the 
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quantity extracted from the tables is carried; where values are rounded 
off to two decimal places, d, ,-, equals 0.005. Since the superscripts on 
er: -, identify 'upper' and 'lower' limits in the sense of Figure 1+0 as 
explained above, it follows that if H, , is real, d.̂,-1 is positive, and 
if H,+1 is complex, cL.-i is negative. The subscript on cL -, is retained 
to associate it with H, ., so that the proper sign can be ascribed to it 
in the final result. 
The recurrence formulae (62) and (63), though precise, lead to 
very cumbersome results in an expression for the error associated with 
the last remainder. To obtain a more useful approximate expression for 
error we make the following assumptions. 
(1) Where e, is the sum of several components, the resulting 
error in e, , is taken as the sum of the results obtained by applying 
the L-operation error formula separately to the individual components. 
Thus when 
ek = 2 P
e k ' 
L {LK> - L<\ + v} - £ L K<> - L<\ + v) 
The effect of the assumption is to base the error projection more nearly 
on the slope and curvature of L(u) at A, + H. rather than considering 
how these quantities change as L(u) moves away from L(Aj_ + H. ). 
(2) For the second assumption 
+ 
e. = • - e. p k p k 
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This assumption is very good for small e, ; for e equal to 0.01 db., 
the usual value encountered, the error.in the assumption is less than 
0.005 db. unless the difference between H, and -A, is less than three-
tenths of a decibel, and in the latter region the spread in the tolerance 
bounds will be so much greater than the error in exchanging error limits 
that the error in this assumption is not important. 
We may now proceed to develop an approximate expression for the 
errors associated with successive remainders, considering first the case 
of linear A, • Let the error associated with H be + d for symmetry of 
K 0 — 0 
notation. Then 
- e" = • - ( - d- ) = d o v o o 
et = d.. + L IL(d ) - L(A + H ) \ 1 1 L .o' v .0 o J 
e2 = d2 + L {L("el ) " L (A1 + EJ\ 
= d2 + L {L(e+) - L(A1.+ H^} 
1  
= d2 + L | L [&± + L(L(dQ) - L(AQ + HQ))] - L ^ + % ) } . 
= d2 + L |x(d1) - L(A:_ +-E1)} + 
+ L |*L [L(L(dQ) - L(AQ - Ho))] - L(A1 + 1^)} 
= d2 + L |L(d 1) - L(AX +E1)\ + L JL(ao) 
" ^ A o + V " L<A1 + V) 
127 
Extending the same procedure to successive stages for "both upper and lower 
limits, 
k=n-l , p=n-l 
^ ± d n + £o Zfa-JL 1(^+V} (6*0 
For the case of non-linear A. the additional term "below must "be added to 
+ 
the above expression to obtain the error in e—. 
k=n-l p=n-l ^ 
^ L(L(Tdak) " L ( A _ V ~ ^ L ( AD + V( k=0 L a k k k + 1 p p j 
Error in the final approximant.-—We now come to the inverse process. The 
equation for calculating approximants is 
The first step in the successive calculations is 
H n = - A '- L( - A . + S + H ) :n-l,.n n-1 v n-1 .rur 
where H = - A , the last term in the expansion. These calculations are 
nn n' 
not actually performed in the method, except as a check when desired. In-
stead, when the last A has been determined, G is formed as follows: 
G on A 
o 
1010 + -; i W 






The antilogarithms of the various A, /lO are taken, and the result is 
reduced to the form of a rational fraction. Any errors introduced in 
this part of the procedure stem from inadequacy in the tables, of 
2 
logarithms used in calculating the a. (fl) ) r and have nothing to do vith 
the L(u) tables. We assume herein that the tables of logarithms used 
are adequate so that the difference between G and its representation 
in the form of equation (66) is negligible; in fact, equation (66) is 
the solution from our viewpoint„ This amounts to stating that in the 
sequence of calculations (65) no errors are present due to the use of 
tables. 
The last element in the expansion; -A , is ideally chosen equal 
to H . Any difference is due to the fact that H is being approximated 
rather than exactly reconstructed, and is not due to the introduction 
of errors, which is the topic being investigated here. Letting H 
s-
represent the true value of H , 
H + e ^ H ^ H + e 
nn nn n nn nn 
where e— are the limits of error between the approximant to the last 
remainder and the true value of the last remainder. Similarly er- will 
denote the limits of error between the approximant to the k remainder 
and the true value of the k remainder. Choosing for H its ideal 
nn 
+ + + 
value H » it follows that e— = e—. We wish to determine e— . 
ir nn n on 
From equation (65) the following recurrence formula is derived 
in the same manner as in the preceding section. 
eta -L{L(ek+l,n> "
 L ( \ + * - Vn'} 
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Also from equat ion (65) , 
Ak + H k n = - U-^ + I • \+1>n) 
L ( \ + H J =L{- l (-Ak + I + Hk+ l ,n)} 
" " L(Ak + = " V"1 
Making the indicated substitution, and also using the assumption, e— 
- en , we find that the recurrence formula becomes 
lor 
4 = L{L<4+l,n)
 +L(Ak + V} 
which leads by successive application to 
k=n-l 
4 = L{L (4 + J0
 L(\ + v} 
If H is replaced by H , e becomes e as indicated above, and all 
H. become H. , so that 
k=n-l p=n-l 
r 
e- = L \ L on + d + 2 L(L(̂ cL ) - Z, L(A + H ))j - n r—? K v k; , p P J k=0 p=k * x- J 
k=n-l 
+ Z. L(A^ + H ) 
k=0 ^ ^ 
The expression in brackets above is the sum of n+1 components. By the 
use of the assumption, 
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L {L( ? Pv> -
 Mj * ^ { L ( P V " M ) ' 
which was introduced in the preceding section, and some algebraic manipula-
tion, we obtain an alternative expression for e— , which, because of some 
cancellations, is considerably simpler. 
k=n p=k- l 
ei = H liL(+cL ) + Z L(A + H ) \ (67) 
°n feo I k pto p p i 
The term to be added for the case of non-linear A, is 
k=n-l - p=k-l ^ 
2 , 4L ( T d a k ) + ^ + ^ + j + P § (L(AP+vj 
Implications for the selection of A. .—We note from equation (67) for 
e— that the latter is expressed as the sum of terms of the form 
on * 
keon = LJL(+dk) +KA 
p=k-l 
where R = S L(A + H ). Table 2 illustrates the effect of R on 
+ P=0
 P P 
ne— for cL equal to 0.01 db. k on k 
Table 2. Relation Between Component of Error and K < 
\ 
+ 
i e k on i
 e 
k on 
- 3 .01 0.005 -0.005 
0 0.010 -0.010 
1.76 0.015 -0.015 
3 .01 0.020 -0 .020 
10.00 0.099 - 0 . 1 0 1 
15.00 O.306 -O.328 
20.00 0 .901 - I . I 3 6 
25.00 2..3T9 -5o651 




\ = £ L(AP
 + V 
p=0 
p=k-l 
- H (Vi + V 
P=0 
p=k-l 
= H0 + Z :(2Hp)
 + \ . 
p=l 
and since H is real and 2H must "be real Whether H is or not, M, is 
o p P 'Is. 
complex only if H, is complex. But if H is complex, +d is negative, 
L(+d, ) is real, and L(+d ) + M, is complex, just as it was for real M, . 
Thus , e— in Table 2 have almost exactly the same values if the left 
K on 
column represents the real part of a complex M, » The ta"ble shows that 
to maintain accuracy the real part of M., and hence the real part of 
each L(A. + H, )^ should be kept small-. If every L(A. + H, ) has a 
negative real part, then sums of the type M. will have even more negative 
real parts, and the overall error will "be less than 0001 db. per element 
in the expansion. This desirable result occurs if A. + H, is real and 
less than three, that is, if -A. falls above a point three decibels 
below H, at every stage of the expansion. 
Use of error equations.—The error obtained in equation (67) is applied 
to H to give the limits H + e and H + e~ , between which H , the 
o o on o on on 
final approximant, will fall. If these error limits fall within the 
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prescribed tolerances, H is a satisfactory approximant to H .. However, 
it must be recalled that equation (67) was based on the selection of 
-A equal to H , the last remainder. As this is not generally the case, 
it will usually not be possible to use equation (67) in this manner. 
Generally what is wanted is a criterion that will tell, when -A 
is selected, that the final result will be acceptable. One way to 
accomplish this is to use equation (64) to calculate a lower error limit 
for the upper tolerance bound H , and an upper error limit for the 
lower tolerance bound H~. The values of L(Afc + R^) and L(Afc + H^), 
necessary for these calculations, will have already been obtained in 
the course of the expansion, so that the amount of additional computa-
tion involved to check a few critical points is not excessive. 
Probably the simplest method is to incorporate a compensation 
for possible errors into the upper and lower tolerance bounds at each 
stage of the expansion. This may be accomplished by shifting each bound 
0.01 db. toward the other bound after they have been calculated in the 
usual way from the bounds of the preceding stage, thereby narrowing 
slightly the band between the two bounds. Then if -A falls between 
the modified H tolerance bounds for all frequencies, the approximant 
obtained by terminating the expansion at that stage will surely be 
acceptable.- This procedure is well on the cautious side, as the shift, 
although the smallest that can be made., is twice as great as the one , 
theoretically necessary to compensate for maximum error in the case of 




First example; mechanics of the logarithmic calculations.—Figure kl 
depicts the graph of a prescribed function, H , plotted against the 
logarithmic frequency scale, v = log (A) . The function is tabulated 
at intervals of one-tenth of a decade in column (2) of Table 3 below. 
Column (3) gives the values of -A , selected in accordance with the 
particular method or strategy being used. In this case -A is 
2 
-10 log(l + CO ); its values may be obtained from Appendix B. Succeed-
ing columns give the intermediate values obtained in the course of 
calculating H-. : 
Column (k): A + H 
o o 
Column (5): L(A + H ), obtained from the tables in 
Appendix C„ 
Column (6); E,, from Hn = - H + L(A + H ) .1' 1 o Vo o 
H-, is also shown plotted in Figure kl„ It is labeled H,. + I in the 
figure because, as indicated .in column (6), the values of H, are complex 
and only the real part can be plotted,,. This completes a typical step 
in the expansion procedure. The next step would be to choose a function 
for -An, and repeat the procedure to calculate HQ, 
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Fig. 41 . F i r s t Example, 
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Table 3« Values of Quantities Pertaining to First Example 
The column headings in parentheses identify the several columns 
for reference in the accompanying text,, where the columns are explained. 
H -A H-, 
V 0 0 1 
(1) (2) , (3 ) JiL (3) (6) 
- 1 . 0 0 0 - 0 , 0 4 o.o4 - 2 0 . 3 4 + 1 - 2 0 . 3 4 + 1 
- 0 . 9 0 0 - 0 . 0 7 0 . 0 7 - 1 7 . 8 9 + I - I 7 . 8 9 + I 
- 0 . 8 0 - 0 . 0 1 - 0 . 1 1 0 . 1 0 - 1 6 . 3 3 + 1 • - 1 6 . 3 2 + 1 
-0. .70 - 0 . 0 2 - 0..17 0 . 1 5 - 1 4 . 5 4 + 1 - I 4 . 5 2 + I 
- 0 . 6 0 - 0 . 0 3 - 0 . 2 7 0 . 2 4 - 1 2 . 4 6 + 1 - 1 2 . 4 3 + 1 
- 0 . 5 0 - 0..05 - o „ 4 i 0 . 3 6 -10063+1 - I O . 5 8 + I 
- 0 . 40 - 0 . 0 9 - 0 . 6 4 0 . 5 5 - 8 . 7 0 + 1 - 8 . 6 1 + 1 
- 0 . 3 0 - 0 . 1 7 - 0 , 9 7 0 . 8 0 - 6 . 9 4 + 1 - 6 . 7 7 + 1 
- 0 . 2 0 r- 0 . 5 0 - i „ 4 6 0 . 9 6 - 6 . 0 7 + 1 - 5 -57+1 
- 0 . 1 0 - 1.50 - 2 . 1 2 0 . 6 2 - 8 . 1 4 + 1 - 5 . 6 4 + 1 
0 - .2 .50 - 3 - 0 1 0 . 5 1 - 9 . 0 4 + 1 - 6 . 5 4 + 1 
0 . 1 0 - 3 .50 - . 4 . 1 2 0 . 6 2 - 8 . 1 4 + 1 - 4 . 6 4 + 1 
0 . 2 0 " ^.91 - 5.46 0 . 4 9 - 9 . 2 3 + 1 - 4..26+1 
0 . 3 0 - 6.6k - 6.97 0 . 3 1 - 1 1 . 3 1 + 1 , - 4 . 6 7 + 1 
0 . 4 0 - 8 . 4 l - 8.64 0 . 2 3 - 1 2 . 6 5 + 1 - 4 . 2 4 + 1 
0...50 ^ 1 0 . 2 7 -10 .41 o . i 4 - 1 4 . 8 5 + 1 - 4 . 5 8 + I 
0 . 6 0 - 1 2 . 1 7 -12 .27 0 . 1 1 - 1 5 . 9 1 + 1 - 3 . 7 4 + 1 
0 . 7 0 - 1 4 . 0 6 -14.17 0...10 - 1 6 . 3 3 + 1 - 2 . 2 7 + 1 
.0 .80 - 1 6 . 6 1 - 1 6 . U 0 . 1 0 - 1 6 . 3 3 + 1 - 0 . 3 2 + 1 
0 . 9 0 - 1 7 . 9 8 -18.07 0 . 0 9 - 1 6 . 7 9 + J 1 .19+1 
1.00 - 1 9 . 9 6 -20 .04 0 . 0 8 - 1 7 . 3 1 + 1 2 . 6 5 + I 
Second e x a m p l e : a p p r o x i m a t i o n w i t h g e n e r a l r a t i o n a l f u n c t i o n s . - - I n t h i s 
example -Â . are chosen less than the corresponding H_ . Instead of carrying 
forward both tolerance bounds, only the remainders of the prescribed func-
tion are developed, reliance being placed on some of the relations of 
Chapter III to determine when a satisfactory approximant has been reached. 
The prescribed function is depicted in Figure 42. The approximant 
desired is to be equal to or less than H , but not more than O.50 db. less 
than HQ. For frequencies less than those represented in Figure 42, H is 
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Fig. 42. Second Example 
OJ OJ OJ -=t H t— t>- ITNVO O t>- CO ITNOO ONVO ON OJ OJ COCO VO 
CO LTNVO O I A H (VI O -=t O V O H H CM H l A t n V D H OJ LTNH 
+ 0 \ CT\ ON O O H ( V I V ) H t^- OO H OJ VD O OOVO C O O O 00 O 
hH H H r-f r-i H H H H H r H O J O J H r H 
l I l l l I I l l I I l 
C O V D i n H ! > - a J l A H O Ch-4- (VI O V D O lAOO CO ONOOCM (V 
^t ^=t-=t-=t o n m o j OJ oo i>- m-=t i r \ o o OJ oo OJ Os-=t co oo O 
O O O O O O O O O O H H H H OJ OJOJ H H O O O 
00VO ITN H t>-OJ i r \ H O ON Q\ OJ O V O O LA0O0O ON OO t>- O 
_ ^ - ^ t - _ ^ - ^ ; oo oo OJ OJ oo t>- o -=»- i r \ c o OJ oo (VI ON-3 - O O O O 
o o o o o o o o o o cvi-t h o 4 > o cvi iA t>o cv 
<-\ H H OJ OJOJ OJ r o o 
I I I I I I I I I I I I I I I I I I I I I 
H r l (VI PO_4- C— H C— t— i-H -=f t>-MD (VI H (VI VD h--=h ,-H j ^ 
O O O O O O H H O J - 4 - V O O \ - ^ - H O H - = t - (TWO - 4 - O 
O O O O O O O O O O O O O H (VI cn-=t i r \VO CO O Cv 
H H 
CO t>-VO OO O VQ OJ OJ t>-VO O VO t>- OJ O J V D O - 4 - V O C—CO O 
-=t ^t -3r ~=t ~=t r o oo m-=t o i r \ o ~=t o o o o o o o j - 3 - - ^ i - - 4 - - 3 - - 3 
O O O O O O O O O H (VI I A C 0 OJVfl o > ' c 6 W VD O 4 
H H OJ OJ OJ oo m-=t -=t 
I I I I I I I I I I I I I I I I I I I I I 
l / \ 0 0 O 0 0 O O 0 0 L T \ 0 
t > - O O O O O O O O O I > - 0 
O O O O O O O O O O O OOVO ON OJ ir\CO H -=t C— ON O 
H H H (vi OJ cvi cvi r 
I I I I I I I I I I I 
O ONCO t>-VO LTN-4- oo OJ H H OJ cr>-=t i r \VO t>-CO ON O H 
H O O O O O O O O O O O O O O O O O O O H H 
O -=t LA-3" O O 
o o oo o o on 
OJ VD H CvJ -=t LA 
OO OJ OJ OJ OJ OJ 
I I I I I I 
V O O O - ^ - O J V O Q L ^ - O - ^ l - O N H ON-3" -4" VD t—VD OO LA OO H CO ONVO OO LA LA O VO -3" OO 
CO [>-VO -3" O - ^ ON H CO ON-d" O ON t - ON CO H 4 ( n o c O O \ i A h r n a i H H O O O 
O O O V D J " OJ ON LA O H n o t^-CO t - H O O O OO H H O O H c O t— t^- t— I>— t— IT— t— t— 
O O O J O J O J O J H H H H H O J 0 O O J O J O J O J O 4 O J H H H H H H H H H 
I I l I I l I l I l I I i i i i i l I 1 
L ^ - H H -3- -3" -d" -3" CO LAVO00 H ON O OO CO O O - 4 J " 0O-=J" VD 0 O H ON OO LAVD VD VD LA 
LA OO H LA CO CO OJ 0 - -3 " r - V O VO O OO OJ O OJ OJ -3" VD r ) CO VD VD O - ^ LAVD L -̂ L -̂ CO 
H ON I>--d- H O O L A H O H H O O O O O O H O J O J H H l A C O r f CO LA t^- O N H OO 
OJ H H H H H H H H H OJ OJ 
ONOOOOCO l A r l H C O H V O LA-3" VD 00 H CO H O O C O 0 - = l " O O OJOO LA OO OJ H H H 
CO 00 t— LA OO O LACO ON L -̂ OO |>- O 0 \ ON-d" H OOVD V O - 4 - O O O J H O O O O O O O 
" " < • • • • • / • . ' = • ' • • 0 fit" . # . > • • • • • • • • • -.9 4 • • • • • • • • 
+ O 00 vQ -^r Cvi O C—-=f H 00 L A H OJ LA ON OOVD t— t̂— t>— tr— t— I>— I>— t̂— t— I>— t— t— t— I>— 
m c n o j o j o j o j o j H H H H H H . - I . - I . - I . - I . - I . - I . - I . - I H . - I H . - I H 
I I I I I I I I I I I I 
H l ^ - h - H ^ - f -VOCVI H CVIVO [ > J - H ^ - L ^ - H ^ - J " OOCVI H H 
H H OJ -cj- VD ON-3- H O H -4" ONVO - 4 - O J H H O O Q O O O 
VD -3" OJ O 00 VD LA-3" O O O J H O O O O O O O O O O o d o O O O O O O O 
.—I .—I H '—I 
O O O O N O N O O I > - L A O J C O H H O J L V - - ^ - H O H - ^ - L ^ - O J O N O N O J O O L A O O O J H H H 
O O O O N O N O N O N O N ONCO 00 t—-3" LAVD OO O OOVD LA-d" OJ H H O O O O O O O 
L^-OOON-J- O V O OJ CO -3" O V O OJ H LA ON OO VD t ^ - [ > - t ^ - t ^ - L ^ - C - | > - t ^ - J > - L ^ - t ^ - t " - t > - - t ^ -
4 4 n n n o i o i H H H H H H H H H H H H H H H H H H H 
I I I I I I I I I I I I 
O ONOO L^-VO LA-3- OO OJ H H OJ 00-4" LAVD b-CO ON O H OJ 0O-3" LAVD L^-CO ON O 
H o d o o o o d o d o d d o d d d d d d H H H H H i H A A <A A ol 






































































zero, negative sign, and dropped 0.50 decibels below the level of the 
normalized standard component given in the tables. This particular 
standard component was selected to: make -A remain as close to H as 
possible at the critical break point at v equals zero, and still fall 
within the tolerance bound of -0*50 at low frequencies. Note that the 
standard component from Appendix B having the next smaller (more negative) 
value of 2c, -0.7411, has a maximum deviation of 0.64 at v equals -0.2. 
If this component were chosen it would have to be dropped at least 0.64 
db. in order to remain below H , and then it would fall below the -0.50 
tolerance limit at low frequencies* 
The next component of -A is given in column (4). It is a type I 
function from Appendix B, with positive sign, and origin displaced to v 
equals 0.5. Column (5) gives -A , and is the sum of columns (3) and (4). 
Then 
? 4 
-A = -0..5 -.10 log(l - 0*41516) + 6) ) 
2 
+ 10 log(l.+ ^ ) 
( I O 0 * ^ ) 2 
and 
4 2 
_ 11.220 OJ - 4,6576 0) + 11,220 
a ) 2 + 10 
Column (6) is A„ + H , a useful column of values to record for later o o 
reference in determining when a successful approximant has been achieved, 
Column (7). gives the values of H-,, the first remainder. As indicated by 
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the symbol at the top of the column, the values of H_ are all complex. 
The intermediate values necessarily obtained in proceeding from column (6) 
to column (7)> which were recorded in. the first example, are omitted here 
for brevity. H, is plotted graphically in Figure ̂ 3« 
Before the choice of -A-, what has been accomplished so far will 
be reviewed. From column (6) note that for all v equal to or less than 
sr0.2 and for all v equal to or greater than 1.0, -A falls within the 
-0.50 decibel tolerance limit from H . According to inequality (23) 
this means that as long as succeeding -A, are chosen to fall below the 
corresponding H, > all succeeding approximants will be satisfactory in 
these ranges. Therefore in choosing -A., we should concentrate on ob-
taining a good approximation in the range from -0.1 to 0.9> inclusive, 
and do not need to worry about the form of -A-. outside this range except 
to keep it below H-, • 
In selecting components for -A., to approximate H , a compromise 
between fitting the peak at 0.9 and the sloping portion in the vicinity 
of 0.3 suggests the type II standard component with 2c = -0.7^-H, origin 
displaced to 0.6, high and low frequency ends exchanged, negative sign, 
,and raised 17 decibels. This function is transcribed from the tables 
of Appendix B, as modified, to column (8). In order to come closer to 
H-, at the low frequency end a type I function, with origin at -0.2, 
positive sign, and high and low frequency ends exchanged, is recorded 
in column (9). Columns (8) and (9) are added to give -A-, in column (10)„ 
Note that because H-, carries the I symbol -A must also be accompanied 
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Fig. 43. Second Example Continued. 
142 
by i t , as indicated at the top of column (10). From i t s composition 
indicated above, 
- V - i + i7.oo-io iog(
(10°'f)4 - °-Tto(io°-6)2 + 1} 
U) *~ (A) 
( ] 0 - 0 , 2 , 2 
4- 10 l o g ( ^ - . J •+ 1) 
CO ^ 
and 
' _ Q)k -. 1 1 . 7 ^ CO2 •+ 251.19 a - £ : ^~ 
50.119 u) + 19.953 eo 
A, +'Hn is tabulated in column (ll) and H? is computed and recorded in 
column (12), intermediate steps in the computation again being omitted. 
In practice it would not be necessary to compute the full range 
of values of Hp. Table 1 of Chapter V indicates that when HL is very 
much greater than -Â ., ~\+1
 is approximately equal to A^ + IV This 
approximate relationship may be used to sketch the general position of 
Hp at the ends of the frequency range of interest; then if the next ele-
ment is well below this general position, the requirement that A? + Hp 
be positive (apGp > l) is met without the need for computing points of 
Hp in these non-critical regions. In this example the full range of'EL 
has been computed merely to verify the prediction of Table 1. 
Before proceeding we again review the situation. The range of 
interest is from -0,1 to 0.9. In that range A + H (column (6)) is less 
than 3.00, and from 0.2 to 0.6 inclusive A-, + H (column (ll)) is less 
1̂ 3 
than 0.50. From inequality (26) of ""Chapter III it follows that H is 
satisfactory in the range from .0*2 to 0.6*, We already know it is satis-
factory for logarithmic frequencies less than -0.1 and greater than 0,9* 
That leaves six points to be checked, those corresponding to values of 
v of -0.1, 0, 0.1, 0.7^ 0.8, and 0.9. As might be expected these are 
in the general vicinity of the sharp breaks in the prescribed function. 
Appendix D may be consulted in an attempt to eliminate some of these 
points from consideration. From Figure 58 of Appendix D, for D =-0.50 
and n = 1, the critical value of M is about l.V?. This value is compared 
with columns (6) and (ll) at the six points in question; for five of 
them the A, + H_ values fall on opposite sides of l.V?r giving indeter-
minate results; but for v = 0.8, A + H = 1A9 and A, + H, = 2.kk, both 
; o o 1 1 ' 
larger than l.V?« This indicates tha t H -. i s not sa t i s fac tory at 0 .8 . 
At the other points H -, must be evaluated using equation (ik) of Chapter 
I I for n = 1. 
H , = 4 - L( -A + I - A j ol o v 0 1 
Upon performing the calculations the following results are obtained, 
At v = -0.1, 
HQl = -0.79 - L(-0.79 + I . - (8,76 + I)) 
= -0,79 - L(-9„.55) 
= -0.79 - (-0.51) =-0.28 
Ikk 
Since H = 0 at this point, H .. falls within the prescribed tolerance of 
-0.50 dh. and is a satisfactory approximant. At the other logarithmic 
frequencies in question the following are obtained* 
H H 
v ol _p Approximant 
0 - 1.23 - 0.75 satisfactory 
0.1 - 3.22 - 3..00 satisfactory 
0.7 -21.58 -21,00 0.08.dh below 
the limit 
0.8 -24,70 -24.00 0,20 db below 
the limit (confirming the result from Appendix D) 
0.9 -27.39 -27,00 satisfactory 
In order to produce a satisfactory approximant one more element must be 
chosen. The shape of H? in the vicinity of 0,8 suggests a standard 
component of type II, Such a component is selected with 2c = -1,7̂ -88, 
origin at 0.8, negative sign, high and low frequency ends reversed, and 
lowered by a constant 27.35 db; the critical values involved are given 
in column (13) and that portion of -An is plotted on Figure 43. Check-
ing out the point at 0..7, 
H Q 2 = - 22.98 - L(-22..98 + I + 17.38 + S - L(+ 17.38 
• • , + I + .1- 26,0k)) 
= - 21,31 and is therefore satisfactory. 
If a type I function were tried for -A0 (in an effort to keep down the 
order of the final approximant) it would be found that the approximation 
to Hp is not good enough at 0.8 to produce a satisfactory approximant. 
From its composition indicated above, 
l45 
0 . 8 x 4 ., „ , n n / ^ 0 . . 8 x 2 
and 
-A2 . - 27.35 - 10 lorf^pi . l -TW^T + 1} d a ) 4 w d 
i, p 
5^3 ..25 <D - 37876 ft) +860994 a ? = — r 
d 0) 4 
We may now construct G p from the continued fraction form, 
^ = — L 
a + 
o 
a.n + •• 
1 a2 
.0.088804 to10 -• 7»0854 « 8 + 180.02W6 - 938,67 6>4 
G = + 3584.6 u)2 + 389470 
0 2 dt>12 — 94.782 co10 + 3243,5 c*) - 45212 a; + 376930 a) 
- 252010 o)2 + 436990 
Third example: approximation with general rational functions.—In this 
example, as in the previous one, -A, are chosen less than K . The example 
illustrates the method of carrying forward both tolerance bounds from 
stage to stage to determine when a satisfactory approximant has been 
reached. This permits the non-uniform tolerances of the prescribed 
function to be considered in forming the approximant. The upper and 
lower bounds of the prescribed function are portrayed in Figure 44, 
Pertinent values are given in Table 5 below, intermediate steps in the 
calculation being omitted. 
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Table 5* Values of Quantities Pertaining to Third Example. 
H + H" -A H7 < -A, 
V Q 0 0 1 1 l 
1+ 1+ 1+ 
-1,2 -12.00 -26.50 -19,94 19.18 
-1.1 -12.00 -22,00 -16,00 13*80 
-1.0 -12.00 -I7.5O -12,1.0 - 4,33 
-0.9 - 8.00 -13.00 - 8.28 - 3.77 
-0.8 - 4.00. - 8.50 - 4,61 - 4.22 
-0.7 0 - 4.00 - 1.19 - 5.01 
-0.6 3-05 - 0.45 1.79 - 7.78 
-0.5 5.o4 2,04 4.14 -11,42 
-0.4 6.45 3.95 5.76 -14,09 
-0.3 7.46 5->6 6,76 -15.03 
-0.2 8,13 6,63 7.30 -14,90 
-0.1 8.52 7.52 7.56 -14.59 
0 8.65 8,15 7.64 -l4„47 -17.19 -16.81 
0.1 8.52 8.02 7.56 -14.59 -17.54 -16.78 
0.2 8,13 7.63 7.30 -14.90 -18.66 -16.59 
0.3 7.46 6.96 6.76 -15.03 -20,23 -15.97 
0.4 6.45 5-95 5.76 -14,09 -19,44 -14.52 
0.5 5.04 4.54 4.14 -11.42 -14,70 -12.11 
0.6 3.05 2.55' 1.79 - 7.78 - 9-73 - 9.26 
0.7 0 - 0.50 - 1.19 - 5.01 - 7,i4 - 6.88 
0.8 - .4.00 - 4,50 - 4.61 - 4.22 -ll.4l - 5..W 
0.9 - 8,00 - 8.50 - 8,28 - 3*77 - 4.88 
1.0 -12,00 -12.50 -12,10 - ^,33 - 4.62 
1.1 -12.00 -16,50 -16.00 13.80 
1.2 -12.00 -20,50 -19.94 19.18 
-A has the following components, 
•A0 = 8,16 - 10 iog( i . + Mil|<|! + -JetLj--) 





If type II functions with 2c equal to zero are used instead of the above 
it is found that the dips in E, + I at v = -0.4 and v = 0.4 are accentuated 
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to the extent that the order of -A must be greater than the one obtained 
in this example, if -A-, is to fall within the bounds on L . In selecting 
the constant 8.l6 in -A above, use wets made of equation (43) to give 
H-, + I approximately a zero slope in the region of 0.8, 0,9; and 1,0. If 
-A is brought closer to H a sharp dip develops in H, + •£ at v = 1.0, 
which would also require a higher order in -A,... 
-A is symmetrical about v = 0, as is H , but in the selection o o' 
of -A-. Figure 42 clearly shows the use made of the unsymmetrical lower 
1 v 
tolerance bound. Note also that the computations are shortened by omitting 
those portions of H-. which fall on the real logarithmic sheet. -A is 
composed as follows: 
-^--^o-o^-^W.-^) 
. 10 log(i - °45l« + <0 
(100,7)2 ̂ 0 ^ 
From -A and -An above, o 1 
'a_ = 
1.52757OJ8 + 7 .89761c/ + 153.173 co + 7.89761a)2 
_ _ ^ + I.52757 
b ~ 4 
1000 07 
4 ? 
_ 0.0741310 u - 0.772964 to + 46.7735 
1 0.0251189a) - 0.0657901 W2 + 1 
ft £> 4 
= 654.64a) - 6825.9a) +413030 q) . 
0 1 a)12 - 5.2568 a)1 0 + 455.51 (oQ + 2802,7a;6 + 5^384 a)4 
+ 3251.7 a)2 + 630.96 
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H -| is plotted in Figure h^>, together with the tolerance bounds 
of the prescribed function. In Figure h6, H is portrayed as a horizontal 
• - • < + 
line, and H , and H are plotted at the appropriate values below H . This 
manner of portraying the above quantities permits the use of an expanded 
ordinate scale, and emphasizes how H , fluctuates in the acceptable band 
between the two tolerance bounds. 
Fourth example; approximation with linear functions asymptotic at 
infinity.--A function is prescribed over a range of 3*6 decades with a 
+ 0.50 decibel tolerance; its upper and lower bounds are plotted in 
Figure k'J and their amplitudes are listed in the tabulation below. The 
function is assumed to be linear at twenty decibels per decade at lower 
frequencies and at minus forty decibels per decade at higher frequencies. 
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| k(db) 
Fig . 45. TMrd Example Continued. 
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H 1 and Rn are ol ° 
plotted at the 
values by which 
they are less H 
than HQ » 
. -2.0 
Fig, 46, Third Example Continued. 
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T a b l e 6 . V a l u e s of Q u a n t i t i e s P e r t a i n i n g t o F o u r t h Example 
+ + + + 
H H" Hn H-, H0 - H" H" Hn V o 0 1 . 1 2 2 3 3 
- 1 . 8 - 8 . 8 8 - 9 . 8 8 8 . 8 8 . 9.. 88 - 0 . 3 4 - 0 . 4 7 0 . 3 4 0 . 4 7 
- 1 . 7 - 6 . 8 8 - 7 . 8 § 6 . 8 8 7 . 8 8 0 - 0 . 1 9 0 0..19 
- 1 . 6 - 4 . 8 8 - 5 . 8 8 4 . 8 8 5 . 8 8 0 . 4 9 0 . 2 8 - 0 . 4 9 - 0 . 2 8 
- 1 . 5 - 3-00 - 4 . 0 0 3-00 4 . 0 0 1 .12 O.76 - 1 .12 - O.76 
- 1 . 4 - 1-32 - 2 . 3 2 1 .32 2.^:2 1.85 1.40 - 1.85 - 1.40 
- 1 . 3 0 . 3 2 - 0 . 6 8 - 0 . 3 2 0 . 6 8 2 . 7 2 2 . 1 7 - 2 . 7 2 - 2 . 1 7 
- 1 - 2 1 .84 0 . 8 4 - 1 .84 - 0 . 8 4 3 . 6 6 3 . 0 3 - 3-66 - 3 . 0 3 
- 1 . 1 3-40 2 . 4 o - 3-40 - 2 . 4 0 4 , 7 5 4 . 0 3 - 4 . 7 5 - 4 . 0 3 
- 1 . 0 4 . 7 6 3 . 7 6 - 4.76 - 3 . 7 6 5 . 7 8 5 . 0 1 - 5 -78 - 5 . 0 1 
- 0 . 9 ' 5 . 80 4 . 8 0 - 5 . 80 - 4 . 8 0 6 . 6 2 5 . 8 1 - 6 . 6 2 - 5 . 8 1 
- 0 . 8 6 . 8 0 5 .80 - 6 . 8 0 - 5 . 8 0 7 . 4 7 6 . 6 2 - 7 . 4 7 - 6 . 6 2 
- 0 . 7 7 -48 6 . 4 8 - 7 -48 - 6 . 4 8 8 . 0 6 7 . 1 9 - 8 . 0 6 - 7 . 1 9 
- 0 . 6 8 . 0 0 7 . 0 0 - 8 . 0 0 - 7 . 0 0 8 . 5 1 7-64 - 8 . 5 1 - 7-64 
- 0 . 5 8.44 7 . 4 4 - 8 . 4 4 - 7 . 4 4 8 . 9 1 8 . 0 2 - 8 . 9 1 - 8 . 0 2 
- 0 . 4 8 . 7 6 7 . 7 6 - 8 . 7 6 - 7 . 7 6 9 . 2 0 8 . 3 0 - 9 . 2 0 - 8 . 3 0 
- 0 . 3 9 . 0 0 8 . 0 0 - 9 . 0 0 - 8 . 0 0 9 . 4 1 8 . 5 1 - 9 „ 4 l - 8 . 5 1 
- 0 . 2 9 . 1 6 8 . 1 6 - 9 . 1 6 - 8 . 1 6 9 . 5 6 8 . 6 6 - 9 -56 - 8 . 6 6 
- 0 . 1 9 -24 8 . 2 4 - 9 . 2 4 - 8 . 2 4 9 . 6 3 . 8 . 7 3 - 9 . 6 3 - 8 . 7 3 
0 9 . 3 6 8 . 3 6 - 9 . 3 6 - 8 . 3 6 9 . 7 4 8 . 8 4 - 9 -74 - 8 . 8 4 
0 . 1 9 . 5 6 8 . 5 6 - 9 . 5 6 - 8 . 5 6 9 . 9 3 9°02 - 9 . 9 3 - 9 . 0 2 
0 . 2 9-80 8 . 8 0 - 9 . 8 1 - 8 . 8 1 10 01.6 9 . 2 4 - 1 0 . 1 6 - 9 . 2 4 
0 , 3 1 0 . 2 8 9 . 2 8 - 1 0 . 3 1 - 9 . 3 0 1 0 . 6 2 9 . 6 9 - 1 0 . 6 2 - 9 . 6 9 
0 . 4 1 1 . 0 0 1 0 . 0 0 - 1 1 . 0 9 - 1 0 . 0 7 1 1 . 3 5 io.4o - 1 1 . 3 4 -io.4o 
0 . 5 1 1 . 7 6 I O . 7 6 - 1 2 . 0 3 - 1 0 . 9 7 1 2 . 2 4 1 1 . 2 4 - 1 2 . 2 1 - 1 1 . 2 2 
0 . 6 1 2 . 5 2 1 1 , 5 2 - 1 3 . 3 9 - 1 2 . 2 0 1 3 . 5 5 1 2 . 4 0 - 1 3 . 4 1 - 1 2 . 2 9 
0 - 7 ^-2.76 1 1 . 7 6 - 1 5 . 6 2 - 1 3 . 8 6 1 5 . 7 1 1 4 . 0 0 - 1 4 . 8 7 - 1 3 . 4 2 
0 . 8 1 2 . 4 0 n.4o - 2 1 . 8 2 - 2 0 . 8 0 2 1 . 8 0 20 083 - 1 7 . 9 2 - 1 5 . 0 8 
0 - 9 1 1 . 1 6 1 0 . 1 6 - 1 0 . 7 3 - 1 1 . 8 9 1 0 . 4 3 1 1 . 6 6 - CO - 1 6 . 5 1 
1.0 9 . 2 0 8 . 2 0 - 5 . 4 6 - 5 . 9 7 4 . 3 5 5-00 - 1 3 . 5 3 
1 . 1 5 .10 4 . 1 0 - 1 . 5 0 : - 2 . 0 3 - 2 . 0 9 - 0„96 - 7 . 2 6 
1 .2 - 1.00 - 2 . 0 0 1 .12 - 0 . 1 4 - 00 - 6 . 2 3 1 .81 
•1 .3 - 6 . 3 0 - 7 . 3 0 3 . 3 2 0 . 1 8 - 7 - 8 2 1 2 . 2 3 
1.4' - 1 1 . 1 0 - 1 2 . 1 0 5 . 0 8 - 00 + 00 1 9 . 5 7 
1.5 - 1 5 . 6 0 - 1 6 . 6 0 6 . 1 8 2 5 . 5 7 
1.6 - 1 9 . 9 0 - 2 0 . 9 0 5 . 9 1 31*57 
1-7 - 2 4 . 0 0 - 2 5 . 0 0 6 . 1 1 3 7 . 5 7 
1.8 - 2 8 . 0 0 - 2 9 . 0 0 1 0 . 1 1 4 3 . 5 7 
The values in these four columns 
below the horizontal lines 
carry the I symbol 
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Table 6. Values of Quantities Pertaining to Fourth Example 
(continued) 
V J L 






- 0 .43 
H 6 
- 1 . 8 - 0.09 - 0 .61 
- 1 . 7 0 -0 .19 - 0 .63 - o .44 - O.38 - 0 .62 
- 1 . 6 0.49 0 .28 - 1.18 - 0.95 - O.31 - 0 .63 
-1 .5 1.12 O.76 - 1.95 - 1.52 - 0.16 - 0 .88 
- 1 . 4 1.85 i . 4 o - 2.85 - 2.29 - 0 .12 - 1.31 
- 1 . 3 2 .71 2.16 - 3.97 - 3.25 - 0 .08 - 2 .22 
- 1 . 2 3.65 3.02 - 5.28 - 4.39 - 0 . 1 1 - 4.57 
- 1 . 1 k.ik 4.02 - 6.97 - 5.83 0.70 -15.79 
-1 .0 5.11 5.00 - 8.86 - 7.42 2.22 - 00 
- 0 . 9 6 .61 5.79 -10.79 - 8.90 3.47 
- 0 . 8 7.45 6.60 -13.47 -10.76 8 .51 
- 0 . 7 8.04 7.16 -16055 -12 .41 13.26 
- 0 . 6 8.48 7.60 -21.54 " -14.10 20.19 
- 0 . 5 8.86 7.96 - 00 -16 .01 + 00 
- 0 . 4 9.13 8 .21 -17 .93 
- 0 . 3 9.30 8.37 -19 .73 
- 0 . 2 9-39 8.45 -20.97 
- 0 . 1 9.36 8.40 -20.16 
0 9.32 8 .31 -18.97 
0 . 1 9.27 8.19 -17 .74 
0 . 2 9.13 7.92 -15.76 
0 . 3 9.06 7.65 -14 .33 
o.k 9-08 7.36 -13 .12 
0 . 5 8.97 6.53 -10 .58 
0 . 6 9.06 4.88 - 8.09 
0 . 7 9.64 - 0 0 + 00 
0 . 8 14.33 
0 . 9 + 00 
The first element, -AQ, is chosen to be 43.93 - 40v db. This 
places it within 0.07 db. of the upper bound, H , at high frequencies. 
To bring it much closer would accentuate the dip at the high-frequency 
end of H-, enough to block the selection of a constant for -A... The 
bounds of H-, are also shown on Figure 47, and the values are given, along 
with those of succeeding remainders, in the tabulation above. The 
zeros of the H-, bounds (negative infinite values) are due to the fact 
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that -A crosses the H bounds. Note also that a segment of the high-
frequency end of H, has been replaced by minus infinity, which is 
permissible since the values replaced are on the opposite logarithmic 
sheet and are not of interest. However, no omissions may be made in the 
vicinity of the singularities near the abscissa 0.8. 
The element -A, is chosen equal to 1.00 + Ir. It must be complex 
because H-, and H.. are complex at at high end of the frequency range. 
Hp and H are shown on Figure 48. For -A the function 64.43 + I - 60 v 
is chosen. In calculating H~ care must be taken with sighs and complex 
symbols in the vicinity of 0.8. Note that the poles in Hn disappear in 
H~.- This follows from the formula, 
H3 = -I + A0 + L(-Hn - A n), 
since L(-00 ) equals zero. -A0 is O.58 - 20v. 
Figure 49 illustrates the pertinent segments of the bounds of H^, 
He; and B>. -A, is 8.7O; -A is -27.80 - 20v; and -Ag is -0.508. As 
-Â - falls within the tolerance bounds of H/- throughout the entire frequency 
range, the expansion is terminated. The following elements have been 
ob ta ined . 
zr K 
-A = 43.93 - 4 0 v a = 40.457(10 ) 0> 
-A1 =• 1.00 + I
 a l = " ° '79433 
-An ^ € 4 . 4 3 + I - 60v a 2 = - 3 . 6 0 5 8 ( l 0 "
7 ) w 
-A3 = O.58 -. 20v a = 0.87498 OJ
2 
-A^ = 8.70 a^ = 0.13490 
-Ac = - 27.80 - 20v an = 602.560)
2 
5 5 
-Ag = -O.508 a^ = 1.1241 
156 
Fig. 48. Fourfck Example Continued 
157 
Fig. 49• Fomrtk Example Continued. 
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The selection of -ks is of particular importance. Note that H approaches 
minus infinity at twenty decibels per decade for very small frequencies 
and H-, approaches plus infinity in the same range * The selection of 
-A-, (1.00 +• l) placed it far below H-, for very low frequencies.. From 
Table 1 this means that H« and Ep both approach -1.00 at low frequencies. 
The same table also indicates that the low-frequency asymptote of both 
Ho and H is 1.00, and that of the H, bounds is -1.00. -A« is a 
constant so the low-frequency asymptote, of H^ is calculated as follows. 
H^ = - Ek •+ L (Ek + A^) 
= 1.00 + L(-9.70) = 0.508 
The asymptote of Hg is -O.508 since -A ^> H at low frequencies. -k^ 
must then be chosen equal to -O.508. Let us now examine the result of 
this selection by forming the continued fraction with zero substituted 
for 0) . 
G * = — - — 06 
0 + 
-0.79^33 + — -
o + 1 
o + i. 
0.13490 + -
0 + i324T 
= - 0.79^33 + 1 0.1349+ 1.1241 
= - 0.79^33 + 0.79428 "«*(), as it should be, 
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The desired approximant, expressed in the form of a rational fraction, 
is: 
2.1+718(10 ) <j)10 + 2..097M105) k> + 3 0 9 . 0 3 <D 
G = •' + 8 . 6 2 9 9 ( 1 0
1 0 ) ^ 4 + 6 .5397(1Q 1 1 )6J 2 
0 6 0Dlk + 8.4856 W1 2 - 3 . 1 1 1 7 ( 1 0 4 ) W 1 0 + 3.2273(106) CO8 
+ 2.6i+58(lQ7),w6 .+ 9.8630 (10 1 0 ) GO2 + 1.3590(109) 
H £ is plotted in Figure 50 for comparison with the prescribed 
tolerance bounds. 
Fifth example: approximation with .linear elements asymptotic at an 
intermediate frequency.—The tolerance bounds of a prescribed function-
are given in Figure 51 and i"t is desired to approximate it with particular 
attention to the behavior in the vicinity of Ui equals one (v = 0). 
Letting 
k2 = W 2 - 1 
log X = • V 
and making use of equation (52) and the relation 
the function is tabulated against the variable V or V and replotted in 
Figure 52» The values of the prescribed tolerance bounds and those of 
successive remainders are given in the tabulation below. 
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Figa 50. Fourth Example Continued* 
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h(db)f 
Figfl 51. Fifth Example 
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Fig , 52, F i f tk Example e©mfeinuei 
Table J. Values of Q u a n t i t i e s P e r t a i n i n g t o F i f t h Example 
v V 
- oo 0 
-0.216 - 0 . 1 
-0.110 - 0 . 2 
-0 .063 - 0 . 3 
-0 .037 - 0 . 4 
-0 .023 -0 .5 
-0 .014 - 0 . 6 
-0 .009 - 0 . 7 
-0.0055 - 0 . 8 
-0.0035 - 0 . 9 
-0.0022 -1 .0 
0 - 00 
V 
0 - 00 
0.0022 -1 .0 
0.0034 - 0 , 9 
0.0054 - 0 . 8 
0.008 - 0 . 7 
0.013 - 0 , 6 
0.020 -0 .5 
0.032 - 0 . 4 
0.049 - 0 . 3 
0.073 - 0 . 2 
0.106 - 0 . 1 
0.150 0 
0.206 0 . 1 
0.273 0 . 2 
0.348 0 . 3 
0.432 0 . 4 
0.521 0 . 5 
0.613 0 . 6 






















0 .62 - 0..38 
1.36 - 2.36 
4.00 . - 5-00 






27.34 -28 .34 
- 4.02 - 2.20 
- 4.02 - 2.20 
- 8.97 - 5 .81 
-16,10 - 8.73 
- I 6 . 3 6 I * - H . 3 I 










- 00 -11.06 
-17.27 - 8.97 
-10,27 - 6.55 
_ 6.49 - 4 .14 
- 3.-29 - 1-59 







23.51 24 .51 
27.32 28.32 
Hp Hp 
- 1.00 0 
- 1 . 8 9 - 0 .69 
- 5.45 - 3.76 
- 9.05 - 6 .31 
-13 .98* - 8.63 











- 00 -10 .61 
-15.10 - 8 .01 
- 9.05 - 5.44 
- 5.08 - \ 2 . 7 2 
- 1.43 0.29 
2.34 3.75 





23.39 24 .41 
27.24 28,26 
l6h 
Table 7« Values of Quantities Pertaining to Fifth Example 
(continued) 
< Hi Hr 4 H" H+ v* 3 3 4 4 5 5 
0 - 0 , 1 6 - 1 .52 1 .691 O.395 0 . 1 5 1 .52 
- 0 , 1 " - 0 . 9 5 - 3-66 1 ,035 - 7 . 2 3 5 - 4 . 9 9 1.45 
- 0 , 2 2 . 1 6 - 2 . 8 8 2 . 8 0 1 - 2 . 4 3 5 - CO - 2 . 6 8 
- 0 . 3 5 . 2 6 - 00 3 . 4 5 5 - OO - . 2 .00 
- 0 . 4 1 1 . 2 2 3 . 8 7 5 - 4 . 0 0 
- 0 , 5 + 00 4 . 0 0 5 - 6 . 0 0 
- 0 0 
V 
- 0 . 5 
4 . 0 0 5 
+ OO 
- 0 . 4 1 3 . 1 4 
- 0 , 3 5 . 2 6 - 00 + OO + OO 
- 0 , 2 1 .33 - 2 0 . 6 6 2 0 . 5 7 2 0 . 5 3 
- 0 . 1 - 1 .88 - 7 . 1 2 - 00 4„22 0 . 2 4 
0 - 5 . 40 - 8.98 0 , 2 0 7 . 3 2 - 0 0 4 . 6 0 
0 . 1 - 9 . 3 2 - 1 2 . 2 2 7 , 8 1 1 1 . 5 1 3 . 0 3 1 0 , 0 8 
0 . 2 - 1 1 . 4 2 - 1 3 , 5 2 1 0 , 5 5 1 3 . 0 1 7 , 0 2 1 1 , 3 6 
0 . 3 - 1 4 . 1 9 - 1 5 . 9 6 13-75 1 5 . 6 7 1 1 . 3 7 1 4 . 3 0 
0 , 4 - 1 7 . 4 8 - I 9 . O 8 1 7 . 2 8 1 8 . 9 4 1 5 . 7 4 1 7 . 9 6 
0 . 5 - 2 1 . 0 2 - 2 2 . 5 2 2 0 , 9 3 2 2 . 4 8 1 9 . 9 5 2 1 . 7 7 
0 . 6 - 2 4 . 6 8 - 2 6 , 1 1 2 4 , 6 4 2 6 , 0 8 2 4 , 0 0 2 5 . 6 8 
0 . 7 - 2 8 . 4 8 - 2 9 . 8 9 2 8 . 4 6 2 9 . 8 8 2 8 , 0 5 2 9 . 5 9 
Consideration of Figure 52 indicates that a good choice for -A is 
4.00. Also from the same figure the probable slope, at (1) equals unity, 
of a satisfactory approximant is minus twenty decibels per decade, whereas 
the slope of H for small negative v is plus twenty decibels per decade. 
+ -
Since E-, is the first remainder derived from H , we choose -A_ to be 
1 o 1 
asymptotic to H-, as V approaches minus infinity, but make it complex 
instead of real. In order to keep -A, above IL for the more positive 
values of V and V , the H-, bounds are inverted before -A is selected, 
yielding for -An the function 
-An = 4.00 - 20V = 4.00 + I - 20V 
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The bounds for Hp are shown plotted in Figure 53 • -Ap is chosen 
to be 5.30 + 40V ( = 5.3O + 40V1)- A problem arises here in connection 
with the Hp bound on the V' sheet. If in H-, we follow the normal 
procedure and replace all complex values for V more negative than -0.3 
with minus infinity, the H2 bound will be the dotted line in Figure 53, 
and -A2 will not fall between Hp and Hp. Therefore we return to H, and 
include in our calculations some of the complex values we would have 
omitted following the normal policy. Carrying forward these points, 
which are marked with asterisks in the tabulation above, we find the 
revised Hp is such that -A now falls between the bounds as desired. 
Err is plotted on Figure 53* ' A constant is a suitable choice for 
-k^} and rather than favor either the V or V curves it is located 
about midway between the minimum of IU on V and the maximum of H~ on 
V, at -4.00. %• is plotted on Figure 54. It is then inverted so that 
-A^ will fall above Hj- at large values of V, and -Ar is chosen equal 
to -4.00 - 20V, which again is a compromise choice between the best 
selections on either sheet. H7- is plotted in Figure 54. The cusps in 
j 
Hr- and H=- in the vicinity of V equals 0.1 and V equals -0.1 result from 
the sharp breaks in the prescribed function shown in Figure 51 at v 
equals +0.2. A selection for -A of 1.50 + 40V falls within the 
tolerance bounds for all frequencies on both sheets and the expansion 


































°5 O.39811 + O.39811 X. + 
0,29512 




Expressed as a rational fraction, 
1.0031 X + 0.52481 \ 2 + 0.52481  
X8 + 2.1776 X6 + 2.3866 X2* + 0.41786 X2'+ 0.20893 
p p 
With the substitution of 0) -1 for X , the approximant is 
4 ? 
= 1..003KQ - 1.4814 0) +• 1,0031  
°5 (O8 - 1.8224 (i)6 + 1,8538 to)4 - 1.8224 0)2 + 1.0001 
Sixth example: approximation with functions asymptotic at zero and 
infinity, •—The tolerance "bounds of a prescribed function are portrayed 
in Figure 55* The function is symmetrical about v equals zero, and since 
in such cases this method will produce elements that are also symmetrical 
about v equals zero, only half of the points on each remainder need be 
calculated. The values of the H bounds and succeeding remainders for 
o 
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Since the slope p of the low-frequency asymptote is greater than the 
slope p of the high-frequency asymptote, equation (57) is used to 
calculate the first element. 
-A = -A° -1,(5 . A° + A1) 
o o v o o/ 
= 10 + 20v -.L(l-+'l*0v) 
= 10 log ." , -1 p 
10 U)2 10 
(P + 1 
a = 7T— 
0 10 u>2 
The resulting bounds of H-, are plotted in Figure 55 • The shape 
of H-, indicates that a constant would be a suitable choice for -A... 
formally in this method when the high and low-frequency asymptotes are 
parallel, the formulae for selecting an element asymptotic to both 
fail, but in this case, since the high and low-frequency asymptotes 
coincide, the method may be pursued. In order to keep -A, above the 
H-, bounds at center frequencies H_ is inverted before -A is selected. 
-A-, is made tangent to the bound with the approximately constant shelf 
in order to stay away from the sharp point in the opposite bound at v 
equals -0.5* This selection will hold down the order to the final 
result. Accordingly 
-A^ = 8.09 
a == 0*. 15521* 
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The Hp "bounds are plotted in Figure 56. The low-frequency 
asymptote of Hp is assumed to pass through -9-06 at V equals -0.5 with 
a 60 db. per decade slope, which is the smallest slope that it can 
have without intersecting Ho* Then 
-A° = 20..94 + 60v 
-Ai = 20„94 -. 60v 
-A = 20„94 + 60v - L(l + 120v) 
the latter "being calculated from equation (57) as was -A, 
1 + 0)
6 
a2 = TTTZTT +  124.17a) 124.17 
The Ho bounds are also plotted in Figure 56. -A is chosen to "be 1.18, 
which falls "between the "bounds for all frequencies. Thus a_ equals 
O.76208.- The desired approximant is 
Go3 
V—L1 + 0.15524 + — i 
1 0 w 2 0 ) 1 2 + i + 
124.17 0) 0.76208 
10 0) + 1629.4 ft)5 + 10 0)2 
0)16 + 1.5524 (1) + O J 1 2 + 162.94 a)10 + 1494.6W1 
h 4 P 
+ 162.94(D + U) + 1.5524 0) + 1 
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Fig, 56, Sixfek Example G@mtinuei 
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APPENDIX B 
TABLES OF STANDARD COMPONENTS 
Standard components.--The tables in this appendix give values of func-
tions of the following two types. 
(I) 10 log(l .+ (tf2) 
o k 
(II) 10 log(l.+ 2cfc> + to) 
These functions are called standard components because the logarithmic 
2 
expression of any positive rational function of (0 is composed of 
the sum of selected components of the above two forms. The curves 
are tabulated over a range of three decades at intervals of one-tenth 
of a decade, with additional values included at log 0) = +0.05, in 
the region where the curves are generally changing most rapidly. Com-
ponents of the second form above are tabulated for twenty-one selected 
values of 2c. The general shape of the standard components is sketched 
in Figure 57- Graphs are given in many standard texts, but cannot 
generally be read to enough significant figures for the purposes of this 
study. 
To extend the tabulated range of a standard component or to in-
crease the number of tabulated points in the given range, the L(u) 
tables of Appendix C"may be used in conjunction with the following 
formulae: 
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Figtt 57» General Skape ©f Standard €©mp©ne®t Curves 
( I ) 1© l o g ( l + m2) 
( I l a ) 10 l©g( l + 2cft>2 + to4) f©r p©sifeive c 
( l i b ) 10 l©g;(l + 2 A< f©r negat ive c 
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10 l o g ( l + CO2) = L(20v + I ) (68) 
2 4 
10 l o g ( l + 2c to + 0) ) = L(40v + I ) + 
+ L | 1 O log 2c + 20v + I - jX^Ov + l)J (69) 
Tables.—In Table 9 "the first column gives values of v (equals log W ); 
2 
the second gives corresponding values of 10 log(l + (*> ); and succeeding 
2 4 
columns refer to functions of the type. 10 log(l + 2c (J) + 0) ), with 
the value of 2c used to identify the column. 
Table 9. Standard Components 
(i) 2.Q000 I.162.3 0,5119 0 -0.4151 -0.7411 
-1 .50 0.004 0.009 O.005 0.002 0.000 -0.002 -0 .003 
-1 .40 0.007 0.014 0.008 0„004 0.000 -0 .003 -0.005 
-1 .30 0 .011 0.022 •0.013 0..006 0.000 -0.005 -0 .008 
-1 ,20 0.017 0.034 0.020 .0..009 0.000 -0 .007 -0 ,013 
-1 .10 0.027 0.054 0.032 0.014 0,000 -0 .011 -0.020 
-1 .00 0.043 0.086 0 .051 0..023 0,000 -0 .018 -0 .032 
-0 .90 0.068 O.136 0 .081 0..036 0 .001 -0 .028 -0.050 
-0 .80 0.108 0.216 0.128 0.,058 0.003 -0 .043 -0 .079 
-0 .70 0.170 0.339 0.203 0..095 0.007 -O.O65 -O.I23 
-0 .60 0.266 0 .531 0.323 0.155 0.017 -O.O98 -0.190 
-0 .50 0 . 4 i 4 0 .827 0.516 0.258 0.043 -0.139 -0 .288 
-0 .40 0.639 1.278 0,825 0,439 0.108 -0.180 - 0 , 4 2 1 
-0 .30 0.973 1.947 1.319 0.762 0.266 -0 .183 -0.570 
-0 .20 1.455 2 .911 2.098 1.343 0,639 -0 .029 -0 .637 
-0 .10 2.124 4.248 3-286 2.358 1.455 0.555 -O.313 
-0 .05 2.539 5.078 4.072 3.091 2.124 1,144 0.180 
0 3.010 6 .021 5.000 4,000 3.010 2.000 1.000 
0.05 3.539 7.078 6.072 5.091 4.124 3-144 2.180 
0.10 4.124;. 8.248 7.286 6.358 5.455 4.555 3.688 
0.20 5.455 10.911. 10.089 9.343 8 . 6 3 9 - 7 .971 7.363 
0.30 6.973 13.947 13.319 12.762 12.266 11.818 11.430 
0.40 8.639 17.278 16.825 16.439 16.108 15.820 15.579 
0.50 10.414 20.827 20.516 20.258 20.043 19.861 19.712 
0.60 12.266 24.532 24.323 24.155 24.017 230903 23.810 
0.70 14.170 28.339 28.203 28,095 28.007 27.935 27.877 
0.80 16.108 32.216 32.128 32.058 32.003 31.957 31.921 
0.90 18.068 36.136 36.O8I 36.036 36.OOI 35.972 35.950 
Table 9. Standard Components (continued) 
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(I) 2.0000 1.1623 0,5119 0 -0.4151 -0.7411 
1.00 20.043 40.086 40.051 40.023 40.000 39-982 39-968 
1.10 22.027 44.054 44.032 44.014 44.000 43.989 43.980. 
1.20 24.017 48.034 48.020 48.009 48 .,000 47.993 47.987 
1.30 26.011 52.022 52.013 52.006 52.000 51.995 51-992 
1.40 28.007 56.014 56.008 56.004 56.000 55-997 55.995 












- 0.007 -1 .50 
-1 .40 - 0.007 - 0.008 - 0.009 - 0.010 - 0 .011 - 0.012 
-1 .30 - 0 .011 - 0.013 - O.015 - 0.016 - 0.017 - 0.018 
-1 .20 - 0.017 - 0 .021 - 0 .024 - 0.026 - 0.028 - 0.029 
-1 .10 - 0.027 - 0.033 - 0.038 - o . o 4 i - 0.044 - 0.046 
-1 .00 - 0.043 - O.052 - 0.059 - 0.065 - 0.070 - 0.073 
-0 .90 - 0.068 - 0.083 - 0.094 - 0.103 - 0 .111 - 0.116 
-0 .80 - 0.108 - 0 .131 - 0.149 - 0.164 - 0.175 - 0.185 
-0 .70 - O..I69 - 0.206 - O.236 - 0,260 - 0.278 - 0.294 
-0 .60 - 0.265 - 0,325 - 0.374 - 0.413 - 0,443 - 0.469 
-0 .50 - 0.410 - 0.509 - O.589 - 0.655 - 0.706 - 0.749 
-0 .40 - 0.622 - O.788 - O.925 - 1,038 - 1.126 - 1,202 
-0 .30 - 0.905 - 1.191 - 1.431 - 1.635 - 1.797 - 1.937 
-0 .20 - 1.190 - 1.685 - 2.122 - 2.508 - 2.827 - 3.114 
-0 .10 - 1.151 - 1.956 - 2.722 - 3.452 - 4.105 - 4.74o 
-0 .05 - 0.775 - 1.718 - 2.648 - 3.571 - 4.436 - 5.325 
0 0 - 1.000 - 2.000 - 3.010 - 3*979 - 5.000 
0.05 1.225 0.282 - 0.648 - 1.571 - 2.436 - 3-325 
0.10 2.849 2.044 1.278 0.548 - 0.105 - 0.740 
0.20 6.810 6.315 5-878 5.492 5.173 4.886 
0.30 11,095 10.810 IO.569 IO.365 10.203 IO.063 
0.40 15-378 15.212 15.075 14.962 14.874 14.798 
0.50 19.590 19.491 19.411 19.345 19.294 19.251 
0.60 23.735 23.675 23.627 23.587 23.557 23.532 
0.70 27.831 27.794 27,764 27.740 27.722 27.706 
0.80 31.892 31.869 31.851 31.836 31.825 31.815 
0.90 35.932 35.917 35.906 35.897 35-889 35-884 
1.00 39-957 39-948 39-941 39.935 39-930 39.927 
1.10 43.973 43.967 43.962 43.959 43.956 43-954 
1.20 47.983 47.979 47.976 47.974 47.972 470971 
1.30 51-989 51.987 51.985 51.984 51-983 51.982 
1.40 55-993 55-992 55.991 55-990 55.989 55-988 
1.50 59.996 59.995 59.994 59.993 59-993 59-993 
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Table 9« Standard Components (continued) 
-1,7488 -1.8000 -1,8415 -1.8471 -1.9000 -I.9206 
-1 .50 - 0.008 - 0.008 - 0.008 - 0,008 - 0.008 - 0.008 
-1 ,40 - 0.012 r- 0.012 - 0,013 - 0,013 - 0.013 - 0.013 
-1 .30 - O.OI9 - 0.020 - 0,020 - 0,020 - 0 .021 - 0 .021 
-1 .20 - O.O3O - 0 .031 - 0,032 - 0.033 - 0 ,033 - 0.033 
-1 .10 - 0,048 - 0.050 - 0 ,051 - 0.052 - 0.052 - 0.053 
-1 .00 - O.O76 - 0.078 - 0 ,081 - 0,082 - O.O83 - 0.084 
-0 .90 - 0 ,121 - 0,125 - 0.128 - 0,130 - 0,132 - 0.133 
-0 .80 - 0,192 - 0.198 - 0.203 - 0,207 - 0.210 - 0.212 
-0 .70 - O.306 - O.316 - O.323 - O.329 - 0.334 - 0.338 
-0,60 - 0,1*88 - 0.504 - 0.5-17 - 0*527 - 0.535 - 0 .541 
-0 .50 - O.783 - 0.809 - 0 .831 - 0.848 - 0.862 - 0.873 
-0 .40 - 1.261 - 1.309 - 1.347 - 1,378 ' - 1.403 - 1.422 
-0 .30 - 2.0^9 - 2ol40 - 2.215 - . 2 . 2 7 4 - 2.322 - 2 .361 
-0 .20 - 3.351 - 3.547 - 3.712 - 3-847 - 3.957 - 4.047 
-0 .10 - 5.306 - 5.8IO - 6,267 - 6,663 - 7.005 - 7.298 
-0 .05 - 6.16k - 6.965 - 7.742 - 8.468 - 9.145 - 9.772 
0 - 6.000 - 6.99O - 8.000 - 9.000 -100000 -11.000 
0.05 - 4.164 - 4.965 - 5-742 - 6.468 - 7.145 - 7.772 
0.10 - 1.306 - 1.810 - 2.267 - 2.663 - 3.005 - 3.298 
0.20 4,649 4,453 4.288 4.153 4,043 3.953 
0.30 9 .951 9.860 9.785 9.726 9-678 9.639 
0.40 14.739 14,691 14.653 14.622 14,597 14.578 
0.50 19.218 19.191 19.169 19.152 19ol38 19.127 
0.60 23.512 23.496 23.483 23.473 23.465 23.459 
0.70 27.694 27.685 27.677 27.671 26.666 27.662 
0.80 31,808 31.802 31.797 31.794 31.791 31.788 
0.90 35.879 35.875 35.872 35.870 35.868 35.867 
1.00 39-924 39.922 39.919 39.918 39.917 39.916 
1.10 43.952 43.950 43o949 43,948 43.948 43.947 
1.20 47.970 47.969 47.968 47.967 47.967 47.967 
1..30 51.981 5I.98O 51.980 51.980 51.979 51.979 
1,40 55.988 55.988 55.987 55.987 55.987 55.987 
1.50 59.992 59.992 59.992 59.992 59.992 59.992 
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.APPENDIX C 
PROPERTIES M D TABLES OF L(u) 
Definition.--The "basic recurrence formula in the continued fraction ex-
pansion of a prescribed function relates each remainder to the preceding 
remainder in the following manner. 
Gk+1 " i. ' ak 
k 
In performing the calculations in the logarithmic domain the following 
equation arise. 
10 log Gk+1 = 10 log i-.+ 10 log(l - a ^ ) 
A + \ 
Hk+1 = - ̂  + 10 log(l - antilog-^Q—) 
The second term of the right-hand part of the last equation is a function 
of a single variable, A, + H, . In order to avoid the necessity for 
repetitive performance of the three-step calculation indicated by this 
term, it is designated a function and tabulated in this appendix, Let 
u 
L(u) = 10 log(l - 1010) (70) 
Units and complex values.—The units of u and L(u) are decibels. 
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It frequently occurs that u or L(u) represents the decible equi-
valent of a negative number. To handle these expeditiously "the symbol 
I is assigned to 10 log(-l). Where 10 log "b equals B, 10 log(-b) equals 
B + I. It follows that 
u+J. u_ 
L(u +"I) = 10 l o g ( l - 3.010 ) = 10 l o g ( l + 10 1 0 ) (71) 
Properties of L(u).—The following properties of L(u') are readily derived 
from the definition (70) of the function. 
L^(u)j = u (72) 
L(-u) = L(u) - u + I (73) 
dL(u) 1_ 
du -u 
1 -- 1010' 
(7h) 
L(u + w) = L(u) + L|L(W) - L(-u)j (75) 
Other relations developed from the above are: 
L(-u + I) = L(u + I) - u (76) 
L[~L:(U)} = - L(-u) (77) 
L(2u) = L(u) + L(u + I) (78) 
The L-functions are related to the hyperbolic functions as follows: 
U . -,̂  -, « . n« n . , /U L(u) = I + | + 10 log 2 + 10 log s i n h ^ l n 10) (79) 
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L(u + I) = |•+ 10 log 2 + 10 log cosh(|jln 10) (80) 
Extension of the tables.--The tables of L(u) presented in the next sec-
tion give the values of L(u) for values of u at increments of 0.01, from 
0.01 to 30.00. The tables are intended primarily to find L(u) to the 
nearest hundredth of a decibel. Consequently the third decimal figure 
given is used normally to round off the second decimal. The third 
decimal place is carried, however, so that greater accuracy may be 
achieved if desired. In order to obtain this accuracy entry into the 
tables must be made with three-decimal figures and interpolation is 
involved. Linear interpolation is satisfactory except for real u*s with 
magnitudes less than unity. Extension and interpolation formulae are 
given below. 
(a) As u — ¥ 00 : 
-u 
L(u) - * 5 + u - 4.3^3(1010) (81) 
-u 
L(-u) — > - 4.3^3(1010) (82) 
-u 
L(u.+ I) — * u + 4.3^3(1010) (83)' 
-u 
L(-u + I) — * 1^3(10 1 0) (8U) 
For u = 3 0 , the error introduced by using the expressions 
above is less than 0.00001. 
(2) As u - * 0 : 
L(u) — > 4.+; £ - 6.3778^3 + 10 log u (85) 
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L(-u) — » - | - 6.377843 + 10 log u (86) 
L(u • I) — > | + 3-010300 (87) 
L(-u + I ) — * - § + 3.010300 (88) 
For u ^ 0.01,. the error introduced is "less than 0.0001. 
(3) Interpolation. 
(a) For all complex u, and for real u where |u| ** 1, linear 
interpolation gives accuracy to three decimal places. 
(b) For |u| 4 0.07, equations (85) and (86) give accuracy 
to three decimal places. 
(c) For 0.07 < |u| < 1.0, the following extensions of 
(85) and (86) must be used to obtain three-decimal 
accuracy: 
L(u) « . 5.+ I - 6.3778V3 + 10 log u + 0..096u (89) 
L(-u) « --75- - 6.377843 + 10 log u + 0.096u2 (90) 
Tables.—The tables are entered with a real positive value of u. Columns 
are provided for L(u), L(-u), L(u+l), and L(-u+5), the proper column to 
be selected depending upon the sign and complex nature of the given vari-
able. It is important to note that L(u) is complex for real positive u; 
since only the real part is given in the tables, that column is headed 
"L(u) + I". On the other hand if the variable is negative real or 
complex, the L-function is real. 
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0.02 -23.358 ' * J « «y jf © 3.020 3,000 
0.03 -21.592 -21.622 3,025 2.995 
0o04 -20,337 -20.377 3.030 2,990 
0.05 -19.363 -19,413 3,035 2.985 
0,06 -18.566 -18,626 3,040 2,980 
0.07 -17.892 ^17.962 3,045 2.975 
0.08 -17,307 -17 .387 3,050 2.970 
0.09 -16.790 -16,880 3, ©16 2.966 
0.1© -16,328 -.16.428 3,061 2,961 
• .11 -15.909 -16,019 3,066 2.956 
0.12 -15.526 -15,646 3.071 2.951 
©.13 -15.173 -15 .303 3,076 2.946 
0ol4 -14.846 -14,986 3,081 2.941 
0,15 -14,542 -14,692 3,086 2.936 
0.16 -14,256 -14,416 3,091 2.931 
0.17 -13 ,988 -14,158 3,©96 2.926 
0.18 -13,7348 - 1 3 , 9 i 4 8 3,101 2,921 
0,19 -13,4949 -13.6849 3,106 2,916 
0.20 -13,267 -13,4(17 3,111 2.911 
0.21 -13,050 -13,260 3,117 2.907 
0.22 -12,843 -13a0&3 33122 2,902 
0,23 -12,645 ^12*875 3,127 2.897 
©,24 -12.455 -12,695 3,132 2,892 
©,25 -12.273 -12.323 3,137 2,887 
0,26 -12,097 -12,357 3,142 2,882 
0*27 -11*929 -12,199 3,147 2.877 
0.28 -11.766 -12.0^6 3,153 2.873 
0a29 -11,608 -11.898 3,158 2.868 
0.30 -11,456 *11*756 3*163 2.863 
0,31 -11.308 -11,618 3,168 2.858 
0.32 -11.165 -11,415 •J o JL / O 2.853 
0,33 -11,027 -11,357 3,178 2.848 
0.34 -10,892 -11 ,232 3.184 2,844 
0,35 -10 .761 -11.111 3,189 2.839 
0,36 -10.634 -10 .994 3,194 2,834 
0,37 -10,510 -10.880 3.199 2,829 
0.38 -10.389 -10,7^9 3.204 2.824 
0.39 -10,271 -10.661 3.21© 2,820 
0.40 -10.156 -10.556 3,2149 2,8149 
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Table 10, Tables of l*(u) (continued) , 








0,82 - 6.823 - 7*643 3.440 2.620 
0.83 - 6*765 - 7,595 3,445 2.615 
0.84 - 6.708 - 7*548 ' 3,451 2.611 
0.85 - 6.652 - 7*502 3.456 2.606 
0.86 - 6.596 - 7,456 3.462 2.602 
0.87 - 6.540 - 7 .410 3.467 2,597 
0.88 - 6.486 - 7.366 3.473 2.593 
0.89 - 6,431 - 7.321 3.478 2,588 
0*9® - 6.378 - 7.278 3.484 2,584 
0.91 - 6.324 - 7.234 3.489 2,579 
0.92 - 6.272 - 7,192 3.4946 2,5746 
0.93 - 6.220 - 7.150 3.500 2.570 
0.94 - 6.168 - 7.108 3.506 2.566 
0.95 - 6.117 - 7.067 3.in 2.561 
0.96 - 6.066 - 7,026 3.517 2,557 
0.97 - 6a016 - 6.986 3.522 2.552 
0.98 - 5.966 - 6.946 3.528 2.548 
0.99 - 5.917 - 6.907 3.533 2,543 
1,00 - 5.868 - 6.868 3.539 2,539 
1.01 - 5.820 - 6.830 3.5445 2.5345 
1.02 - 5.772 - 6.792 3.550 2.530 
1.03 - 5.724 - 6.754 3.556 2,526 
1.04 - 5,677 - 6.717 3.561 2.521 
1.05 - 5.630 - 6,680 3.567 2.517 
1.06 - 5.584 - 6.644 3,573 2.513 
1.07 - 5.538 - 6.608 3,578 2.508 
1.08 - 5.492 - 6,572 3.584 2.504 
1.09 - 5.447 - 6.537 3.589 2,499 
1.10 - 5.402 - 6.502 3,595 2,495 
1.11 - 5.358 - 6.468 3.601 2.491 
1.12 - 5.314 - 6.434 3.606 2,486 
1.13 - 5.270 - 6.400 3,612 2.482 
1.14 - 5.226 - 6.366 3.618 2.478 
1.15 - 5.183 - 6.333 3.623 2,473 
1.16 - 5.140 - 6.300 3.629 2,469 
1.17 - 5.098 - 6.268 3.6345 2.4645 
1.18 - 5.056 - 6.236 3.640 2.460 
1.19 - 5.014 - 6.204 3.646 2,456 
1.20 - 4.972 - 6.172 3.652 2,452 
187 
Table 10» Tables .©£ L(u) (c@nfcinme4) «, 




L f o t i ) 
3,657 
t ( - u » I ) 
1,21 2,447 
1,22 - 4,890 - 6, U S 3,663 2,443 
1,23 - 4*849 *• 6,079 3.669 2,439 
1.24 « 4.809 .»•"' 6,049 3,674 2,434 
1,25 -. 40769 *-* 69§19 3,680 2.430 
1,26 - 4,729 ~ 5.989 3,686 2,426 
1*27 - 4,689 m 5.959 3,692 2,422 
1,28 - 4,650 « 5,930 3,697 2,417 
1,29 - 4,611 *» 5,901 3,703 2,413 
1*3© „ 4*572 * 5,872 3,709 2,409 
l o 3 1 - 4,534 -* 5,844 3,7145 2,4045 
1.32 - 4,495 - 5,115 3,720 2,400 
1,33 - 4,457 m 5,787 3,726 2,396 
1,34 - 4,420 •*. 5,760 3,732 2,392 
1*35 - 4,382 jnai 5,732 3 ,731 2,388 
1.36 - 4,3447 mi 1,7047 3*743 2,383 
1.37 * 4,301 P*i 5,678 3,749 2,379 
1*38 - 4*271 am 5,651 3*7148 2.3748 
1,39 - 4,234 « • 5,624 3,761 2,371 
1,40 - 4,198 * 5,598 3,766 2,366 
1.41 * 4,162 - 5.572 3.772 2,362 
1.42 „ 4,126 - 1,546 3,771 2,358 
1.43 - 4*090 - 5,52§ 3,714 2,354 
1.44 -< 4,054 «. 5,494 3,790 2,350 
1.45 - 4,019 '* 5,469 3,796 2,346 
1*46 «, 3,984 ~ 5,444 3,801 2,341 
1*47 - 3.949 -, 5,419 3,807 2*337 
1*4* - 3,914 "* 5,394 3,813 2,333 
1,49 m 3,88© -» 5,370 3,819 2,329 
1,50 * 3,845 - 5,345 3,8247 2,3247 
1,51 - 3*811 - 5,321 3 ,831 2,321 
1.52 - 3,777 - 5,297 3,136 2,316 
1,53 - 3,743 -* 5,273 3,842 2,312 
1,54 - 3,710 - 5,250 3,848 2,308 
1,55 - 3,677 mi 5,227 3,154 2,304 
1.56 - 3,643 *m. 5,203 3,860 2,300 
1,57 - 3»610 - X 5,180 3,866 2,296 
1,58 - 3,577 - 5,157 3,872 2,292 
1,59 - 3,5446 - 5*1346 3 ,871 2S288 
1,60 - 3,512 - 5,112 3,884 2,284 
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1.62 - 3,448 - 5*068 3.895 2.275 
1.63 - 3.416 - 5.046 3.901 2.271 
1.64 - a, 384 - 5,1124 3,907 2.267 
1.65 - 3 .352 - 5 .002 3.913 2.263 
1.66 - 3.320 - 4.980 3.919 2.259 
1.67 - 3.289 - 4.959 3.925 2.255 
1.68 - 3.258 - 4.938 3*931 2.251 
1.69 - 3.227 ~ 4.917 3*937 2.247 
1.70 - 3.196 - 4,896 3.943 2,243 
1*71 - 3.165 - 4,875 3*949 2.239 
1*72 - 3.134 - 4.854 3*9548 2,2348 
1.73 - 3 ,104 - 4.834 3,961 2.231 
1.74 - 3.073 - 4.813 3*967 2.227 
1.75 - 3.043 - 4.793 3.973 2.223 
1.76 - 3.013 - 4 .773 3.979 2.219 
1.77 - 2.983 - 4,753 3*9848 2*2148 
1.78 - 2.953 -• 4 .733 3,991 2.211 
1*79 - 2.924 - 4.714 3*997 2.207 
1,80 - 2.894 - 4 .694 4,003 2.203 
1,81 - 2.8646 - 4.6746 4,009 2.199 
1,82 - 2.835 - 4.655 4,0149 2,1949 
1,83 - 2,806 - 4.636 4.021 2.191 
1.84 - 2,777 - 4*617 4,027 2,187 
1.85 - 2.748 - 4*598 4.033 2.183 
1.86 - 2.720 - 4.580 4*039 2.179 
1.87 - 2.691 - 4 .561 4*045 2.175 
1.88 - 2.662 - 4J542 4.051 2,171 
1.89 - 2.634 - 4.524 4.057 2.167 
1,90 - 2.606 - .4-506 4*063 2*163 
1.91 - 2.578 « 4.488 4.069 2.159 
1.92 - 2.550 - 4*470 4*076 2.156 
1.93 - 2.522 - 4.452 4.082 2,152 
1.94 - 2.494 - 4.434 4,088 2.148 
1.95 - 2.466 ~ 4.416 4.094 2,144 
1.96 - 2.438 - 4.398 4*100 2,140 
1.97 - 2.411 - 4.381 4.106 2,136 
1.98 - 2.384 - 4.364 4.112 2,132 
1.99 - 2.356 - 4.346 4.118 2,128 
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2,42 .* 1,274 - 3,694 4,387 1.967 
2.43 - 1,250 «, 3.680 4.393 1.963 
2,44 »- 1.227 - 3.667 4.399 1.959 
2,45 - 1,204 - 3.654 4,406 1.956 
2.46 -. 1*181 ^ 3.641 4,412 1,952 
2,47 - 1,157 ~ 3*627 4.419 1.949 
2,48 m 1,134 to* 3.614 4,4249 1,9449 
2,49 - 1.112 * 3.602 4.431 1.941 
2.5© -* 1*889 - 3.589 4.438 1.938 
2.51 - 1,066 » 3,576 4,444 1,934 
2.52 - 1,043 » 3.563 4,451 1.931 
2.53 - 1«©20 — 3.550 4,457 1.927 
2.54 - 0,998 - 3.538 4,463 1.923 
2.55 - 0,975 -. 3.525 4.470 1,920 
2,56 i * 0,953 - 3.513 4,476 1,916 
2.57 - 0.930 - 3.500 4,483 1.913 
2,58 - 0,9©8 " 3.488 4,489 1,909 
2,59 * 0*886 - 3.476 4,496 1.906 
2.60 * 0,863 - 3.463 4*502 1,902 
2,61 - 0,841 - 3,451 4,508 1,898 
2.62 - 0.819 - 3.439 4*5149 1.8949 
2.63 - 0-797 — 3.427 4,521 1.891 
2*64 Bnj. 0.775 - 3,415 4.528 1,888 
2.65 - 0.753 - 3,403 4,534 1,884 
2.66 * 0,731 . 3.391 4,541 1,881 
2,67 -. 0»710 . 3.380 4,547 1,877 
2.68 - 0.688 - 3 ,,368 4,554 1,874 
2.69 -> 0,666 - 3,356 4,560 1,870 
2,70 m. 0,644 - 3.344 4*567 1,867 
2&71 - 0.623 - 3.333 4.573 1.863 
2,72 m 0.601 - 3.321 4.580 1,860 
2,73 - 0,58© - 3.310 4,586 1,856 
2.74 * • 0.559 „ 3.299 4,593 1,853 
2,75 m 0,537 . 3.287 4,599 1.849 
2.71 - 0.516 MO 3.276 4.606 1,846 
2,77 - 0.4946 - 3.2646 4.612 1.842 
2.78 * 0,473 » 3.253 4,619 1.839 
2.79 ~ 0,452 ~ 3.242 4.626 1.836 
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Table 10. Tables ©f LI [u) (cont inued) . 
u L(u) + I 
0.391 - 2*819 4.905 
L(-u*I) 
3 ,21 1,695 
3 ,22 0.410 - 2*810 4,912 1.692 
3.23 0,429 - 2,801 4*919 1.689 
3 ,24 0.448 - 2 ,792 4.926 1.686 
3,25 0.467 - 2*783 4.932 1.682 
3,26 0.486 * 2,774 4,939 1.679 
3,27 0.505 - 2,765 4,946 1.676 
3.28 0.524 * 2.756 4,953 1.673 
3.29 0.542 - 2.748 4.960 1.670 
3,30 0.561 - 2*739 4.966 1.666 
3 .31 0.580 ~ 2.730 4.973 1.663 
3,32 0.599 - 2,721 4.980 1.660 
3.33 0.617 - 2*713 4„987 1.657 
3 .34 0.636 - 2.704 4*994 1.654 
3.35 0.6547 - 2.695 5.001 1.651 
3.36 0.673 - 2.687 5.007 1.647 
3,37 0.692 - 2.678 5,014 1.644 
3 .38 0.710 - 2.670 5 .021 1.641 
3*39 0.729 - 2 .661 5.028 1.638 
3.40 0.747 - 2.653 5,0348 1.6348 
3.41 0.766 - 2.644 5.042 1.632 
3 ,42 0.784 - 2.636 5.049 1.629 
3 .43 0.802 - 2.628 5,055 1.625 
3*44 0,821 - 2.619 5,062 1.622 
3.45 0.839 - 2.611 5.069 1.619 
3.46 0.857 - 2.603 5*076 1.616 
3.47 0.875 - 2.5946 5.083 1.613 
3,48 0.894 - 2.586 5.090 1.610 
3.49 0.912 - 2.578 5.097 1.607 
3.50 0.930 - 2.570 5,104 1.604 
3.51 0.948 - 2;a562 5.111 1.601 
3,52 0.966 - 2.554 5.118 1.598 
3,53 0.984 - 2,546 5.124 1.594 
3.54 1,002 - 2.538 5.131 1.591 
3,55 1.020 - 2.530 5.138 1.588 
3*56 1.038 - 2.522 5,145 1.585 
3.57 1.055 - 2.515 5,152 1.582 
3,58 1.073 - 2.507 5.159 1.579 
3.59 1.091 - 2n499 5,166 1.576 
3.60 1.109 - 2,491 5*173 1.573 
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Table 10, T ables of L(u) (continued) ... 
a M*) * * 
1.127 





3 .61 1.570 
3*62 1,144 - 2.476 5,187 1.567 
3,63 1.162 - 2,468 5,194 1.564 
3 .64 1.180 - 2.460 5,201 1.561 
3,65 1.197 - 2,453 5,208 1.558 
3.66 1.2147 - 2.445 5.2149 1.5549 
3.67 1.232 - 2.438 5 .222 1.552 
3.68 1.250 - 2,430 5,229 1.549 
3*69 1.267 * 2,423 5,236 1,546 
3.70 l a2847 - 2,415 5.243 1.543 
3.71 1.302 - 2,408 5.250 1,540 
3 ,72 1.320 - 2.400 5.257 1.537 
3 .73 1-337 - 2.393 5.264 1.534 
3,74 1.354 - 2,386 5,271 1.531 
3,75 1.372 - 2.378 5.278 1.528 
3,76 1,389 - 2,371 5.285 1.525 
3 a 77 1.406 - 2,364 5.292 1.522 
3.78 1.423 - 2,357 5.299 1,519 
3.79 1,440 - 2o350 5.306 1.516 
3 .80 1.458 - 2.342 5,313 1.513 
3,81 1.4747 - 2„335 5.320 1.510 
3*82 1.492 - 2,328 5,327 1.507 
3 .83 1.509 - 2.321 5.334 1,504 
3 ,84 1,526 - 2,314 5.342 1.502 
3.85 1.543 ~ 2.307 5*349 1.499 
3.86 1.560 - 2,300 5,356 1.496 
3.87 1.57* - 2,293 5.363 1.493 
3.88 1.594 - 2.286 5,370 1.490 
3.89 1.611 - 2.279 5,377 1.487 
3,90 1,628 - 2,272 5,384 1,484 
3 .91 1.6446 - 2,265 5.391 1,481 
3.92 1.661 - 2,259 5,398 1.478 
3 .93 1.678 - 2,252 5.405 1.475 
3 .94 1.695 - 2,2449 5,413 1.473 
3.95 1.712 - 2*238 5,420 1.470 
3,96 1,729 - 2,231 5,427 1.467 
3,97 1.745 - 2.2247 5.434 1.464 
3,98 1,762 r 2.218 5,441 1.461 
3,99 1.779 - 2,211 5,448 1.458 
4*00 1.795 - 2,2048 5*455 1.455 
Table 10. Tables of L(u] > (continued >« 








4*02 1*828 m 2.192 5*470 1*450 
4o03 1.8449 . - 2.185 5*477 1.447 
4 ,04 1*861 - 2.179 5*484 1*444 
4,05 1*878 - 2*172 5*491 1.441 
4.06 1.894 - 2*166 5*498 1.438 
4,07 1.911' - 2,159 5*506 1.436 
4*08 1*927 - 2.153 5*513 1.433 
4.09 1*944 - 2.146 5.520 1*430 
4.10 1*960 - 2,140 5*527 1*427 
4.11 1*976 - 2.134 5.534 1*424 
4,12 1*993 - 20127 5*542 1*422 
4.13 2.009 - 2*121 5.549 1.419 
4 .14 2.025 - 2*1146 5.556 1.416 
4*15 2.042 - 2.108 5*563 1.413 
4.16 2.058 - 2.102 5.570 1.410 
4*17 2.074 - 2*096 5*578 1.408 
4*18 2,090 - 2.090 5.5849 1.4049 
4*19 2.106 - 2.084 5.592 1.402 
4.20 2.123 - 2.077 5*599 1.399 
4 .21 2.139 - 2.071 5*607 1.397 
4,22 2.1548 - 2.065 5*614 1.394 
4,23 2.171 - 2.059 5*621 1.391 
4 .24 2.187 - 2.053 5*628 1.388 
4.25 2.203 - 2*047 5*636 1.386 
4026 2.219 - 2.041 5*643 1*383 
4,27 2.2349 - 2.035 5*650 1*380 
4*28 2.251 - 2.029 5*657 1.377 
4.29 2.267 - 2,023 5*6647 1.3747 
4*3-0 2.283 - 2.017 5.672 1.372 
4*31 2.299 - 2.011 5*679 1.369 
4,32 2„3145 - 2.005 5*687 1*367 
4.33 2,330 - 2„000 5.694 1.364 
4 ,34 2,346 - 1.994 5*701 1*361 
4.35 2.362 - 1*988 5*709 1.359 
4.36 2.378 - 1.982 5*716 1.356 
4.37 2.394 - 1*976 5*723 1.353 
4.38 2.409 . - 1*971 5.731 1.351 
4.39 2.425 - 1.9648 5*738 1*348 
4.40 2.441 - 1*959 5*745 1*345 
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Table 10. Tables of L(u) (continued) . 























































































































































































































































































































Table 10. Tables of L(u)(continued). 
u L(u) * I L(-u) L(u*i) L(-u*I) 
4*81 3.068 - 1,742 6.050 1.240 
4 ,82 3,083 - 1*737 6.057 1,237 
4 ,83 3.091 - 1*732 6.0647 1,2347 
4*84 3a113 - 1*727 6.072 1.232 
4 .85 3,128 - 1,722 6.080 1,230 
4,86 3,143 - 1*717 6.087 1,227 
4 .87 3.158 — 1.712 6.0949 i t2249 
4 ,88 3.172 - 1*708 6.102 1*222 
4*89 3,187 - 1,703 6,110 1,220 
4 ,90 3,202 - 1,698 6,118 1.218 
4 ,91 3.217 - 1,693 6,125 1,215 
4*92 3,232 - 1,688 6.133 1.213 
4 .93 3.246 - 1.684 6.140 1.210 
4 .94 3.261 - 1,679 6.148 1.208 
4 ,95 3,276 - 1,674 6D155 1.205 
4,96 3.290 - 1,670 6,163 1.203 
4.97 3,305 - 1.6648 6.171 1.201 
4 ,98 3.320 - 1,660 6.178 1,198 
4,99 3,334 - 1,656 6*186 1.196 
5,00 3,349 - 1.651 6.193 1,193 
5 ,01 3,364 - 1.646 6.201 1.191 
5 .02 3,378 - 1,642 6,209 1.189 
5 ,03 3.393 - 1,637 6,216 1,186 
5 ,04 3.407 - 1.633 6.224 1,184 
5.05 3.422 - 1.628 6.231 1,181 
5.06 3,437 - 1,623 6.239 1,179 
5.07 3.451 r» 1,619 6,247 1.177 
5 ,08 3.466 - 1.614 6.254 1.174 
5.09 3,480 - 1.610 6.262 1.172 
5.10 3,4945 * 1,605 6.269 1.169 
5.11 3,509 * 1,601 6.277 1,167 
5 .12 3.524 -. 1,596 6.2847 1.1647 
5 ,13 3.538 - 1,592 6.292 1.162 
5 ,14 3.552 - 1,588 6,300 1.160 
5.15 3.567 - 1.583 6.308 1.158 
5.16 3.581 - 1,579 6.315 1,155 
5,17 3.596 * 1,574 6.323 1,153 
5,18 3.610 * 1,570 6.331 1,151 
5.19 3.624 - 1.566 6.338 1.148 
5.20 3.639 - 1,561 6.346 1.146 
197 
Table 10, Tables of L(t i) (cont inued) . 
11 L(u) + I 




5 ,21 1.144 
5 ,22 3,667 •* 1,513 6,361 1.141 
5.23 3.681 . * 1,549 6.369 1.139 
5,24 3.696 -* 1,544 6.377 1,137 
5,25 3*716 - 1 , 5 4 0 6,3845 1,1345 
5,26 3.724 - 1,536 6,392 1.132 
5.27 3.739 .. * l*S!3f t - -^ 6.400 1,130 
5.28 3,753 >• 1,527 6,408 1,128 
5.29 3.767 ~ 1.523 6,415 1.125 
5 .30 3 ,781 -* 1,519 6,423 1,123 
5 .31 3*795 - 1*5146 6,431 1.121 
5 ,32 3,809 « 1,511 6.439 1.119 
5.33 3.824 - 1,506 6,446 1.116 
5 ,34 3.838 - 1,502 6,454 1.114 
5.35 3.852 - 1*498 6,462 1,112 
5 .36 3,866 - 1,494 6o470 1.110 
5.37 3.88© - 1,490 6.477 1.107 
5.38 3,894 - 1,486 6,485 1,105 
5.39 3.908 - 1,482 6,493 1,103 
5.4® 3,922 - 1,478 6.501 1.101 
5 ,41 3,936 - 1,474 6.508 1,098 
5 .42 3,950 - 1,470 6.516 1.096 
5 .43 3,964 - 1,466 6,524 1.094 
5 .44 3,978 - 1,462 6.532 1,092 
5*45 3,992 - 1,458 6.539 1,089 
5.46 4,006 - 1,454 6,547 1,087 
5,47 4,020 - 1.450 6.5549 1,0849 
5.48 4,034 - 1,446 6.563 1.083 
5.49 4.048 - 1,442 6.571 1.081 
5.50 4.062 - 1,438 6,578 1,078 
5 .51 4*076 - 1,434 6.586 1,076 
5 .52 4,090 - 1*430 6.594 1,074 
5.53 4,104 - 1,426 6,602 1.072 
5 .54 4,118 - 1 , 4 2 2 6.610 1,070 
5.55 4.132 - 1,418 6.617 1.067 
5.56 4.146 - 1,414 6.625 1.065 
5.57 4.159 - 1,411 6.633 1,063 
5 .58 4,173 - 1,407 6,641 1,061 
5,59 4.187 - 1,403 6.649 1,059 
5.60 4.201 - 1,399 6.657 1.057 
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Table 10. Tables of L(u) (continued), 
u L(u) t i -I*(~u) L(u+I)_ L(-u+I) 
5,61 4.2146 ~ 1.395 6.664 1.054 
5.62 4.228 - 1.392 6,672 1.052 
5.63 4.242 - 1.388 6.680 1.05© 
5.64 4,256 - 1,384 6.688 1.048 
5.65 4,270 - 1.380 6.696 1.046 
5,66 4.283 - 1.377 6,704 1.044 
5.67 4.297 - 1.373 6.712 1.041 
5.68 4,311 - 1.369 6.719 1.039 
5,69 4,3245 - 1.365 6.727 1,037 
5.70 4,338 - 1.362 6.735 1.035 
5.71 4,352 •̂  1,358 6,743 1.033 
5.72 4,366 - 1.354 6,751 1,031 
5„73 4,379 * 1 .351 6.759 1.029 
5.74 4.393 - 1.347 6.767 1,027 
5,75 4.407 - 1,343 6.7745 1.0245 
5,76 4,420 - 1.340 6.782 1.022 
5.77 4.434 - 1.336 6.790 1,020 
5,78 4,447 - 1,333 6.798 1,018 
5.79 4,461 - 1.329 6,806 1.016 
5.80 4.4745 - 1,325 6.814 1,014 
5.81 4.488 - 1,322 6.822 1,012 
5.82 4,502 - 1.318 6,830 1,010 
5.83 4*515 - 1.3148 6o838 1.008 
5.84 4.529 - 1.311 6.846 1.006 
5,85 4.542 - 1.308 6,854 1.004 
5,86 4.556 - 1.304 6.862 1,002 
5*87 4,569 - 1.301 6.870 1.000 
5,88 4.583 - 1.297 6.878 0.998 
5.89 4,596 - 1.294 6.886 0.996 
5,90 4.610 - 1,290 6.893 0,993 
5.91 4,623 - 1,287 6.901 0,991 
5,92 4.637 - 1.283 6.909 0,989 
5.93 4,650 * 1*280 6.917 0,987 
5,94 4.663 * 1.277 6.925 0.985 
5.95 4,677 - 1.273 6.933 0.983 
5,96 4.690 * 1.270 6.941 0.981 
5.97 4.704 - 1.266 6.949 0.979 
5.98 4.717 - 1.263 6.957 0.977 
5.99 4.730 - 1.260 6.965 0.975 
6.00 4,744 - 1.256 6.973 0.973 
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L f a t i ) 
6.981 
L ( - u i t ) 
6 .01 0.971 
6.02 4,77© - 1.250 6.989 0,969 
6.03 4 ,784 - 1.246 6.997 0,967 
6.04 4,797 - 1.243 7,005 0.965 
6.05 4,810 - 1.240 7.013 0.963 
6.06 4.824 - 1.236 7.021 0.961 
6*07 4.837 - 1,233 7.029 0,959 
6,08 4,850 - 1,230 7,037 0.957 
6*09 4.864 - 1.226 7,045 0.955 
6,10 4,877 - 1.223 7,053 0.953 
6*11 4,890 • - 1,220 7,061 0.951 
6 .12 4.903 - 1,217 7.069 0,949 
6*13 4.916 - 1.214 7.077 0.947 
6,14 4,930 - 1,210 7.085 0,945 
6.15 4,943 - 1,207 7,094 0.944 
6.16 4.956 - 1.204 7.102 0,942 
6.17 4.969 - 1,201 7-110 0.940 
6,18 4.982 - 1,198 7.118 0,938 
6.19 4.996 - 1 , 1 9 4 7.126 0.936 
6,20 5,009 - 1*191 7,134 0,934 
6 .21 5,022 - 1,188 7.142 0,932 
6*22 5 ,035 - 1.1849 7,150 0,930 
6*23 5,048 - 1,182 7.158 0,928 
6*24 5,061 - 1.179 7.166 0,926 
6.25 5.074 - 1,176 7.174 0.924 
6.26 5,088 - 1*172 7.182 0,922 
6.27 5,101 - 1,169 7.190 0,92vl 
6,28 5.114 - 1,166 7,198 0,918 
6.29 5.127 - 1*163 7.207 0.917 
6,30 5,140 - 1*160 7.2146 0.9146 
6,31 5,153 - 1,157 7.223 0,913 
6 .32 5,166 - 1.154 7.231 0.911 
6.33 5.179 - 1,151 7.239 0,909 
6,34 5,192 - 1,148 7.247 0,907 
6*35 5,205 - 1.1449 7,255 0.905 
6,36 5.218 - 1*142 7.263 0,903 
6,37 5 ,231 - 1,139 7,271 0.901 
6,38 5.244 - 1.136 7.280 0.900 
6.39 5.257 - 1.133 7,288 0.898 
6,40 5,270 - 1,130 7*296 0.896 
Table 10. Tables of I»(u L) (cont inued) , 








6.42 5,296 - 1,124 7,312 0*892 
6,43 5.309 - 1,121 7,320 0.890 
6*44 5,322 - 1,118 7*328 0.888 
6.45 5,3348 - 1,115 7,337 0,887 
6,46 5.348 - 1,112 7*3447 0,8847 
6*47 5,361 - 1*109 / » JD 3 0,883 
6,48 5,374 - 1,106 7 ,361 0,881 
6.49 5»386 - 1*104 7*369 0*879 
6,50 5,399 - 1*101 7*377 0,877 
6.51 5.412 - 1,098 7,386 0,876 
6,52 5.425 - 1*0949 7*394 0,874 
6.53 5,438 - 1,092 7,402 0.872 
6,54 5,451 - 1,089 7,410 0,870 
6,55 5.464 - 1,086 7*418 0.868 
6.56 5.476 - 1,084 7*426 0.866 
6,57 5,489 - 1*081 7*4346 0,8646 
6.58 5.502 - 1.078 7,443 0*863 
6.59 5.5149 - 1,075 7*451 0,861 
6,60 5 .528 - 1,072 7*459 0.859 
6.61 5,541 - 1,069 7,467 0,857 
6,62 5,553 - 1,067 7,476 0,856 
6,63 5,566 - 1.064 7*484 0,854 
6,64 5,579 - 1,061 7*492 0,852 
6,65 5,592 - 1,058 7*500 0,850 
6,66 5,604 - 1,056 7*509 0.849 
6,67 5,614 - 1,053 7*517 0*847 
6B 68 5,630 - 1,050 7*5249 0*8449 
6,69 5 ,643 - 1,047 7*533 0*843 
6,70 5,655 - 1,0446 7*541 0*841 
6 ,71 50668 - 1,042 7*510 0,840 
6.72 5,681 - 1,039 7,558 0.838 
6,73 5,693 - 1,037 7*566 0,836 
6.74 5.706 - 1,034 7*574 0,834 
6.75 5,719 - 1,031 7*583 0*833 
6.76 5.732 - 1*028 7*591 0,831 
6,77 5,744 - 1.026 7*599 0,829 
6.78 5,757 - 1,023 7,607 0.827 
6,79 5.770 - 1,020 7*616 0*826 
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v© IN., IN. IN, IN IN |N IN IN IN IN IN IN, O© 0© 00 00 09 0© 0© 00 0© 00 00 0© 
























m cn © IN, <t CM © IN, <f CM ON i>* <t CM ON IN, <!• CM ON IN, <f CM ON IN, <f CM ON IN <!• CM © IN < 
i-i iH iH o © © © ON ON ON oo oo oo oo IN, IN IN IN vo vo v© vo in m IA m <f <f <t ̂  ^ cn en 
O © © O © © © ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON ON O 
* :«' '*: .«-.. .Jt • .*. : » M If 3B M- t « * * -« S :Bi. . * •»- • « 'A' '.̂ V ':*! '*'; .ift: * -«. « « *:. *. 
1 I I f B I I I I I I I I j I i e i t I I I I i i I 
IN 
<f IN © en m oo © en vo oo i-i en vo oo i-ren vo 00 s-i cn vo 00 H cn v© 00 1-1 en vo 00 © en in 
ON © CM en ̂  m IN 00 ON © CM cn <t m IN 00 ON © CM en <!• tn -r** 0© ON © CM en <!• m IN 00 O 
IN 00 00 00 00 00 00 00 00 ON ON ON ON ON ON ON ON © © © © © © © © T-I IH IH iH iH iH i-l iH 
*\ M. m n «-' A -M' .M A' » : .<*: •* tk A- H- -*: Wt *i •'& A- « : 'A ft' A :A • -• • «r S . <fi M 'ft' 
a :Q. ,» fl.. -.B: «, ;B_ :6 «:• «• » «fl. » » B: «• * D;. .'» • ; :«: W «t :R -»• ••• • »: » • •: -M 
m m m tn tn u*i »n m m m m in m to m m in vo vo vo vo vo vo vo vo vo vo vo vo vo vo vo vo 
1-1 CM cn <r tn vo IN OO ON O •-« CM cn <t m vo IN OO ON © 1-1 CM cn N+ m vo IN 00 ON © IH CM en 
00 00 00 00 00 00 00 00 00 ON ON ON ON ON ON ON ON ON ON © © © © © © © © © © i-l i-4 i-l H 
»•. '«•• m *;• <m. -e m «,• *• •* -o. 4. m= a «• ;«t •«: .»:• * H:: m c. '*• m: -*. « . * «; ••«• «.. o. :«; 
vo vo vo vo v© vO vo vO vo vo vo vo vo v© vo v© v© v© v© IN, IN IN IN IN IN IN |>* IN IN IN IN IN IN 
Table 100 Tables of L(u) (continued). 
u L(u) + I L(-u) L(u*I) L ( - u t l ) 
7,21 6,294 - 0,916 7,966 0.756 
7,22 6,307 - 8*913 7,974 0,754 
7.23 6.319 - 0,911 7*983 0.753 
7,24 6 „ 331 - 0 , 9 0 9 7,991 0.751 
7.25 6.344 - §,906 7,999 0, 749 
7,26 6.356 - 0,904 8*008 0.748 
7.27 6.368 - 0,902 8,016 0.746 
7.28 6,381 - 0,899 8,0247 0.7447 
7*29 6,393 *- 0,897 8,033 0,743 
7«30 6.405 - 0,8948 8,042 0,742 
7,31 6,417 - 0.893 8,050 0,740 
7.32 6,430 - 0,890 8.058 0,738 
7.33 6.442 - 0,888 8,067 0,737 
7,34 6.454 - 0,886 8,075 0,735 
7*35 6*466 - 0,884 8.084 0,734 
7,36 6.479 - 0.881 8«092 0,732 
7.37 6.491 - 0,879 8*101 0,731 
7,38 6.503 - 0,877 8,109 0,729 
7,39 6.515 - 0,8745 8*118 0,728 
7*40 6*528 - 0,872 8,126 0,726 
7.41 6,540 - 0,870 8»1345 0.7245 
7*42 6,552 - 0,868 8.143 0.723 
7.43 6.564 » 0,866 8*151 0,721 
7,44 6*577 - 0*863 8,160 0.720 
7*45 6,589 - 0 ,861 8 * 168 0.718 
7,46 6,601 - 8*859 8*177 0.717 
7.47 6,613 - 8.857 8,185 0.715 
7.48. 6,625 - 8*8547 8.914 0,714 
7.49 6.637 - 0,853 8.202 0»712 
7*50 6,650 - 8.850 8,211 0,711 
7,51 6,662 - 0,848 8,219 0,709 
7*52 6,674 -. .0,846 8,228- 0.708 
7*53 6,686 - i„844 8,236 0,706 
7 .54 6.698 - 0,842 8*2448 0,7048 
7,55 6,710 - 0,840 8 b 253 0,703 
7,56 6.722 - 0,838 8.282 0,702 
7,57 6.7346 - 8,835 8,270 0.700 
7,58 6.747 - §.833 8«279 0,699 
7.59 6,759 - 0,831 8,287 0.697 
7,60 6.771 - 0.829 8,296 0.696 
1 
Table 10. Tables of L(u) (continued) , 
iL__ U u ) t I L(-u) L(u»t) L ( -u t t ) . 
7.61 6.783 - §,827 8,304 0,694 
7.62 6,795 - §,8248 8,313 0,693 
7.63 6*807 - 0,823 8*3.21 0.691 
7.64 6„819 - 0*821 8.,33.0 0*690 
7.65 6,£31 - 0,819 8*339 0*689 
7.66 6,843 - 0,817 8,347 0.687 
7.67 6,856 - 0 , 8 1 4 8.356 0O686 
7.68 6,868 - 8*812 8*364 0*684 
7.69 6*880 - 0*810 8*373 0,683 
7.70 6*892 - 0*808 8.381 0,681 
7.71 6.904 - 0 . 8 0 6 1,390 0,680 
7.72 6,916 - 0.804 8,398 0*678 
7.73 6,928 - §,802 8,407 0.677 
7.74 6,940 - Go800 8.415 0.675 
7.75 6,952 - . 0 . 7 9 8 8,424 0*674 
7.76 6*964 - 0.796 8,433 0,673 
7.77 6,976 - 0,794 8*441 0,671 
7.78 6,988 - 0*792 8,450 0*670 
7.79 7,000 - 0„790 8,458 0,668 
7*80 7,012 - 0O788 8,467 0,667 
7,81 7,024 - 0*786 8,475 0*665 
7*82 7*036 - 0,784 8*484 0*664 
7*83 7*048 - 0*782 8,493 0*663 
7.84 7.060 - 0*780 8*501 0,661 
7.85 7,072 - 0.778 8,510 0.660 
7.86 7,084 - 0,776 8,518 0.658 
7o87 7*096 - 0*774 8,527 0,657 
7.88 7,108 - 0,772 8,536 0*656 
7.89 7,120 - 0,770 8,544 0.654 
7.90 7.132 - 0,768 8,553 0*653 
7*91 7*143 - 0*767 8,561 0,651 
7.92 7,155 - 0,7646 8,570 0,650 
7.93 7,167 - 0.763 8*579 0*649 
7.94 7,179 - 0*761 8,587 0,647 
7*95 7*191 - 0,759 8,596 0,646 
7o96 7,203 - 0*757 8,604 0*644 
7.97 7*2149 - 0*755 8,613 0*643 
7.98 7,227 - 0,753 8,622 0,642 
7.99 7,239 - 0*751 8,630 0,640 
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Table 10. Tables of L(u) (continued) . 




L(uf l ) 
9,702 
L(-u+I) 
0.492 9 .21 
9,22 8,666 - 0.554 9.711 0.491 
9.23 8.678 - 0.552 9,720 0,490 
9024 8.689 - 0,551 9,729 0.489 
9.25 8.700 - 0.550 9.738 0,488 
9.26 8.712 - 0.548 9.747 0.487 
9.27 8.723 - 0*547 9.756 0.486 
9 ,28 8.7345 - 0.545 9,7645 0.4845 
9,29 8.746 - 0.544 9.773 0,483 
9,30 8,757 - 0.543 9,782 0.482 
9 .31 8.769 - 0.541 9*791 0,481 
9.32 8.780 - 0.540 9,800 0.480 
9,33 8.791 - 0,539 9,809 0.479 
9 .34 8,802 - 0,538 9,818 0.478 
9.35 8.814 - 0.536 9.827 0.477 
9.36 8.825 - 0.5348 9.836 0.476 
9.37 8.836 - 0.534 9,845 0.475 
9.38 8.848 - 0.532 9.854 0.474 
9.39 8.859 - 0.531 9,863 0.473 
9,40 8.870 - 0.530 '9,872 0.472 
9 .41 8.882 - 0,528 9,881 0,471 
9 .42 8.893 - 0.527 9.890 0.470 
9.43 8.904 - 0.526 9,899 0.469 
9 .44 8.916 - 0.524 9.908 0.468 
9.45 8.927 - 0,523 90917 0.467 
9.46 8.938 - 0.522 9*926 0.466 
9.47 8.949 - 0.521 9,9348 0.4648 
9.48 8.961 - 0.519 9,944 0.464 
9.49 8.972 - 0.518 9.953 0.463 
9,50 8.983 - 0,517 9,962 0.462 
9 .51 8.994 - 0,516 9,971 0.461 
9 .52 9.006 - 0.514 9.980 0.460 
9.53 9.017 - 0,513 9,989 0*459 
9 .54 9.028 - 0.512 9,998 0.458 
9.55 9.039 - 0,511 10*007 0,457 
9,56 9,051 - 0.509 10,016 0.456 
9.57 9.062 - 0.508 10.0248 0.4548 
9,58 9.073 - 0.507 10,034 0,454 
9,59 9.084 - 0.506 10.043 0.453 
9.60 9.096 - 0.504 10.052 0.452 
Table 10. Tables of L(u)(continued). 
u L(u) + I -u L(ufrl) L(-ufri) 
9.61 9.107 - 0,503 10*061 0.451 
9„62 9*118 - 0.502 10.070 0.450 
9»63 9,129 - 0.501 10,079 0,449 
9.64 9.. 141 - 0.499 10,088 0.448 
9,65 9.152 - 0,498 10,097 0.447 
9,66 9.163 - 0»497 10*106 0.446 
9„67 9.174 - 0.496 10,1149 0.4449 
9„68 9.185 - 0,4946 10,124 0.444 
9.69 9,197 - 0,493 10.133 0.443 
9.70 9.208 - 0.492 10,142 0.442 
9,71 9.219 - 0.-491 10,151 0,441 
9 0 72 9.230 - 0.490 10.160 0.440 
9.73 9.241 - 0.489 10.169 0.439 
9.74 9,253 - 0.487 10.178 0,438 
9,75 9.264 - 0,486 10,187 0.437 
9.76 9.2749 - 0.485 10.196 0.436 
9.77 9.286 - 0,484 10,205 0.435 
9.78 9.297 - 0,483 10,214 0,434 
9o79 9,308 - 0,482 10*223 0.433 
9o80 9,320 - 0.480 10.232 0.432 
9,81 9.331 - 0.479 10,242 0.432 
9,82 9.342 - 0,478 10,251 0.431 
9o83 9.353 - 0.477 10,260 0.430 
9,84 9,364 - 0.476 10.269 0.429 
9.85 9.375 - 0,4745 10,278 0.428 
9,86 9.387 - 0,473 10,287 0,427 
9„87 9.398 - 0,472 10,296 0,426 
9.88 9,409 - 0,471 10,3049 0.4249 
9,89 9,420 - 0,470 10.314 0,424 
9.90 9,431 - 0.469 10.323 0.423 
9.91 9.442 - 0,468 10,332 0,422 
9.92 9,453 - 0,467 10.341 0.421 
9.93 9.4645 - 0.465 10.350 0.420 
9.94 9.476 - 0.464 10.359 0.419 
9.95 9.487 - 0.463 10.368 0.418 
9,96 9.498 - 0.462 10.378 0,418 
9.97 9.509 - 0.461 10.387 0.417 
9.98 9.520 - 0,460 10,396 0*416 
9.99 9.531 - 0.459 10.4048 0.4148 
10.00 9.542 - 0.458 10.414 0.414 
Table 10, Tables of L(u)(continued), 
u L(u).+ I L(-u) L(ufri) L(-uti) 
10.01 9.554 - 0,456 10,423 0.413 
10.02 9.5646 - 0*455 10.432 0.412 
10.03 9.576 - 0.454 10,441 0.411 
10,04 9.587 - 0.453 10,450 0.410 
10.05 9.598 - 0,452 10.459 0.409 
10.06 9.609 - 0.451 10.469 0.409 
10807 9.620 - 0.450 10,478 0.408 
10,08 9.631 - 0.449 10.487 0.407 
10,09 9.642 - 0,448 10,496 0.406 
10.10 9.653 - 0,447 10.5049 0.4049 
10.11 9.664 - 0.446 10.514 0.404 
10.12 9.676 - 0.444 10.523 0.403 
10.13 9.687 - 0.443 10,532 0.402 
10,14 9,698 - 0.442 10.541 0.401 
10.15 9.709 - 0.441 10.551 0.401 
10.16 9.720 - 0.440 10.560 0.400 
10.17 9.731 - 0*439 10,569 0.399 
10.18 9.742 - 0.438 10.578 0,398 
10.19 9,753 - 0,437 10,587 0.397 
10n20 9.764 - 0.436 10,596 0.396 
10.21 9.775 - 0.4348 10,605 0.395 
10.22 9,786 - 0.434 10,614 0.394 
10,23 9.797 - 0,433 10,624 0.394 
10.24 9.808 •- 0.432 10.633 0.393 
10.25 9.819 - 0,431 10,642 0.392 
10,26 9.830 - . 0 - 4 3 0 10,651 0.391 
10.27 9,841 - 0.429 10.660 0.390 
10,28 9.852 - 0,428 10,669 0.389 
10,29 9.863 -• 0.427 10,678 0,388 
10.30 9.8745 - 0,425 10,687 0.387 
10.31 9.886 - 0,424 10,697 0.387 
10,32 9.897 - 0.423 10,706 0.386 
10.33 9.908 - 0.422 10.7149 0.3849 
10,34 9,919 - 0,421 10.724 0.384 
10.35 9.930 - 0,420 10.733 0.383 
10,36 9.941 - 0,419 10.742 0,382 
10,37 9.952 - 0,418 10,752 0.382 
10,38 9.963 - 0.417 10.761 0.381 
10.39 9.974 « 0.416 10,770 0.380 
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Table 10. Tables of L(m) (continued) 0 




L( -u»i ) 
10.81 - 0,376 0,346 
10.82 10.4446 - 0,375 11,165 0.345 
10.83 10,456 - 0,374 11.1746 0,3446 
10.84 10.466 - 0,374 11,184 0.344 
10.85 10.477 - 0.373 11,193 0,343 
10,86 10.488 - 0.372 11.202 0,342 
10,87 10,499 - 0.371 11.212 0,342 
10D88 10.510 - 0.370 11.221 0,341 
10.89 10.521 - 0.369 11.230 0.340 
10,90 10.532 - 0,368 11.239 0,339 
10,91 10.543 - 0,367 11,249 0,339 
10,92 10,554 - 0.366 11*258 0.338 
10.93 10,564 - 0,366 11.267 0.337 
10,94 10,575 - 0.3646 11,276 0.336 
10.95 10.586 - 0.364 11,286 0.336 
10.96 10.597 - 0.363 11,2949 0,3349 
10.97 10,608 - 0,362 11.304 ' 0.334 
10.98 10.619 - 0,361 11,313 0,333 
10,99 10,630 - 0,360 11,323 0,333 
11,00 10.641 - 0.359 11*332 0.332 
11,01 10.651 - 0,359 11,341 0,331 
11,02 10,662 - 0,358 11.350 0,330 
11.03 10,673 - 0,357 11,360 0.330 
11.04 10.684 - 0,356 11.369 0.329 
11.05 10.6948 - 0,355 11.378 0.328 
11,06 10.706 - 0.354 11.388 0.328 
11.07 10.717 - 0,353 11.397 0.327 
11.08 10,727 - 0.353 11,406 0.326 
11.09 10.738 - 0,352 11.415 0.325 
11,10 10.749 - 0.351 11.4246 0,3246 
11.11 10.760 - 0.350 11.434 0,324 
11.12 10.771 - 0,349 11»443 0,323 
11,13 10.782 - 0.348 11,453 0.323 
11.14 10.792 - 0,348 11,462 0.322 
11.15 10,803 - 0.347 11.471 0.321 
11,16 10,814 - 0.346 11.480 0.320 
11,17 10.8249 ™ 0.345 11,490 0.320 
11.18 10,836 - 0.344 11.499 0.319 
11,19 10,847 - 0.343 11,508 0.318 
11.20 10.857 - 0«343 11,518 0.318 
Table s of L (u) (eontinued ).. 
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Table 10o Tables of L(u) (continued) , 








































































































































































































Table 10, Tables of L(u)(continued)* 









































































































































































































Table 10. Tables ©.£ L( \\i) (comfciitued), 
u L(u) * i 





• M ^ b M ^ n - ^ H d i ^ m i 
0.242 
12*42 12,164 - 0,256 12.662 0O 242 
12*43 12.174 - 0,256 12,671 0,241 
12,44 12,185 - 0,2549 12,681 0,241 
12,45 12,196 - 0O254 12,690 0.240 
12.46 12,206 - 0*254 12,700 0,240 
12,47 12,217 - 0,253 12,709 0.239 
12,48 12,227 - 0*253 12,719 0o239 
12 D 49 120238 - 0,252 12,728 0B238 
12,50 12.249 - 0,251 12,738 0.238 
12,51 12,259 - 0,251 12,747 0.237 
12,52 12O270 - 0.250 12,757 0.237 
12053 12a 280 ~ ©a 250 12,766 0.236 
12,54 12,291 - 0,249 12,775 0.235 
12s55 12*302 - 0,248 12*7849 0,2349 
12,56 12,312 » 0,248 12,794 0,234 
12,57 120323 * 0,247 12,804 0.234 
12,58 12,333 - 0o247 12,813 0.233 
12,59 12,344 - 0,246 12,823 0.233 
12,60 12,3545 - 0,245 12,832 0.232 
12,61 12,365 » 0a2448 12,842 0.232 
12,62 12.376 - 0a244 12,851 0,231 
12,63 120386 - 0,244 12.861 0,231 
12,64 12D397 - 0,243 12,870 0,230 
12,65 12,407 - 0,243 12,880 0,230 
12,66 12,418 - 0,242 12,889 0,229 
12D67 12,429 - 0,241 12,899 0,229 
12,68 12,439 - 0O241 12,908 0,228 
12,69 12,450 - 0,240 12*918 0,228 
12,70 12,460 - 0,240 12,927 0»227 
12,71 12,471 - 0,239 12.937 0,227 
12,72 12,481 - 0a239 12,946 0*226 
12,73 12,492 » 9.233 12.956 0,226 
12,74 12,503 -0.237 12,965 0,225 
12,75 12.513 » 0,237 12.9746 0.2246 
12,76 12,524 - 0,236 12.984 0,224 
12,77 12,534 - 0*236 12.994 0,224 
12,78 12,5447 - 0.235 13,003 0,223 
12.79 12,555 - 0,2346 13,013 0.223 
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Table 10. Tables of L(u i) (cont inued) , 
u L(u) + £ 





13,62 13,427 ~ 0,193 13,8047 0,1847 
13 ,63 13,438 - 0,192 13,814 0,184 
13,64 13,448 - 0,192 13,824 0,184 
13,65 13,458 - 0,192 13,833 0,183 
13,66 13.469 - 0,191 13,843 0,183 
13,67 13,479 - 0,191 13,853 0,183 
13,68 13,490 - 0,190 13,862 0,182 
13.69 13,500 - 0,190 13,872 0,182 
13.70 13,511 - 0,189 13,881 0,181 
13,71 13,521 - 0,189 13,891 0,181 
13,72 13*532 - 0,188 13,901 0,181 
13,73 13.542 - 0,188 13D910 0,180 
13,74 13,552 - 0,188 13,920 0,180 
13,75 13,563 r 0.187 13,929 0,179 
13,76 13.573 * 0,187 13,939 0,179 
13,77 13,584 - 0,186 13*949 0,179 
13,78 13,594 - 0,186 13.958 0*178 
13,79 13,6046 - 0,185 13,968 0,178 
13,80 13,615 - 0,1849 13,977 0.177 
13,81 13,626 - 0,184 13.987 0,177 
13,82 13,636 - 0,184 13,997 0,177 
13,83 13,646 - 0,1814 14,006 0,176 
13,84 13,657 * 0,183 14,016 0,176 
13.85 13,667 - 0,183 14,025 0,175 
13,86 13,678 » 0.182 14,0349 0,1749 
13*87 13,688 ~ 0,182 14,0445 0,1745 
13 ,88 13,699 •» 0,181 14,054 0,174 
13,89 13,709 - 0,181 14,064 0p 174 
13,90 13,719 - 0.181 14*073 0,173 
13,91 13,730 - 0,180 14,083 0,173 
13,92 13.740 » 0,180 14,093 0,173 
13,93 13.751 - 0.179 14.102 0,172 
13,94 13,761 - 0,179 14,112 0,172 
13,95 13,771 - 0,179 14,121 0,171 
13,96 13.782 ™ 0*178 14,131 0,171 
13.97 , 13,792 - 0,178 14,141 0,171 
13*98 13,803 - 0.177 14,150 0,170 
13,99 13,813 - 0,177 14,160 0,170 
14,00 13.824 - 0,176 14,170 0,170 
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Table 10, Tables of L(u) ) (continued), 
tl L(u) + I 




14*01 0o 169 
14,02 13o844 - 0,176 14,189 0,169 
14,03 13,8548 - 0,175 14.198 0,168 
14,04 13,865 - 0,1747 14,208 0,168 
14,05 13.876 - 0,174 14=218 0,168 
14,06 13,886 - 0.174 14,227 0,167 
14,07 13.896 - 0,174 14,237 0,167 
14,08 13,907 - 0,173 14.247 0,167 
14,09 13.917 - 0,173 14,256 0.166 
14,10 13,928 *• 0,172 14,266 0,166 
14.11 13,938 » 0,172 14,275 0,165 
14,12 13,948 - 0,172 14.285 0.165 
14,13 13.959 - 0,171 14,2946 0.1646 
14,14 13,969 - 0,171 14,304 0.164 
14,15 13,980 - 0,170 14,314 0.164 
14,16 13,990 - 0,170 14,324 0,164 
14,17 14,000 - 1,170 14,333 0,163 
14*18 14.011 » ©,169 14,343 0,163 
14,19 14,021 - 0,169 14,352 0,162 
14,20 14,032 - 0,168 14,362 0,162 
14,21 14o042 » 0,168 JL ̂  £f <=J / **> 0,162 
14,22 14,052 - 0,168 14,381 0,161 
14,23 14,063 - 0.167 14,391 0,161 
14,24 14,073 ™ 0,167 14,401 0,161 
14,25 14,084 -• 0,166 14,410 0,160 
14,26 14,094 - 0,166 14,420 0,160 
14,27 14.104 - ©,i66 14,43.0 0.160 
J.4.28 14.1147 - 0,165 14,439 0.159 
14,29 14,125 - 0,1648 14,449 0.159 
14,30 14,136 - 0,164 14,458 0,158 
14*31 14,146 * 0,164 14*468 0,158 
14,32 14,156 » 0,164 14,478 0,158 
14,33 14,167 - 0.163 14,487 0,157 
14.34 14,177 -> 0,163 14,497 0,157 
14,35 140187 - 0,163 14,507 0,157 
14,36 14,198 - 0,162 14,516 0.156 
14,37 14,208 - 0,162 14,526 0.156 
14,38 14,219 *• 0,161 14,536 0,156 
14,39 14,229 - 0,161 14,545 0,155 
14,40 14,239 - 0,161 14,5548 0.1548 
Table 10, Tables of L(u) (continued). 
u L(u) 4 3E 





14.42 14,260 - 0.160 14,574 0,154 
14.43 14,271 - §-.159 14.584 0.154 
14.44 14*281 - 0,159 14,593 0.153 
14.45 14.291 - 0,159 14,603 0,153 
14a46 14,302 - 0.158 14,613 0.153 
14.47 14.312 •- 0.158 14,622 0,152 
14.48 14,322 -•0.158- 14,632 0.152 
14,49 14,333 - 0,157 14,642 0,152 
14,50 14,343 - 0,157 14,651 0.151 
14,51 14.353 -'0.157 14.661 0,151 
14,52 14.364 - 0,156 14,671 0.151 
14.53 14,374 - 0.156 14,680 0.150 
14.54 14,3845 - 0,155 14.690 0.150 
14,55 14.3949 - .0.155 14,700 0,150 
14*56 140405 - 0,1547 14.709 0.149 
14.57 14,416 - 0.154 14,719 0.149 
14.58 14,426 - 0,154 14,729 0,149 
14,59 14,436 - 0,154 14,738 0,148 
14*60 14,447 - 0.1S3 14,748 0,148 
14,61 14P457 - 0,153 14,758 0,148 
14,62 14,467 - 0,153 14,767 0.147 
14,63 14.478 - 0,152 14,777 0,147 
14,64 14,488 - 0,152 14.787 0.147 
14,65 14,499 - 0,151 14.796 0,146 
14,66 14,509 - 0,151 14,806 0,146 
14,67 14,519 - 0.151 14.816 0,146 
14,68 14,530 - 0-150 14,825 0.145 
14,69 14,540 - 0*150 14,835 0.145 
14*70 14,550 - 0,150 14.8447 0,1447 
14-71 14,561 - 0.149 14.854 0,144 
14.72 14,571 - 0,149 14,864 0,144 
14,73 14,581 - 0,149 14.874 0.144 
14,74 14,592 - 0,148 14,883 0.143 
14*75 14,602 - 0,148 14.893 0.143 
14,76 14.612 - 0,148 14,903 0.143 
14.77 14,623 - 0,147 14,912 0,142 
14,78 14.633 -• 0,147 14,922 0.142 
14,79 14,643 - 0,147 14.932 0.142 
14,80 14,654 -0.146 14,941 0.141 
Table 10, Tables of Lfa)(comtimued), 














































































































































































































































Table 10, Tables of L(u i) (eeneimued) D 





15,339 0ol29 15,21 
15,22 15,087 - 0,133 15,349 0,129 
15,23 15,098 - 0.132- 15,358 0,128 
15,24 15.108 - 0,132 150368 0,128 
15,25 15,118 - 0,132 15,378 0,128 
15.26 15.129 •*, 0,131 15.387 0,127 
15,27 15.139 •- 0,131 15,397 0,127 
15,28 15.149 - 0,131 15,407 0,127 
15,29 15,160 - 0*130 15,417 0.127 
15,30 15,170 - 0.130 15,426 0,126 
15,31 15.180 - 0,130 15,436 0,126 
15,32 15.191 - 0,129 15,446 0,126 
15,33 15.201 - 0,129 15,455 0,125 
15*34 15.211 - 0*129 15,465 0„125 
15*35 150221 - 0,129 15,4748 0*1248 
15*36 150232 - 0,128 15,4846 0,1246 
15,37 15,242 - 0,128 15,494 0,124 
15,38 15„252 - 0,128 15,504 0,124 
15,39 15.263 - 0.127 15,514 0.124 
15.40 150273 - 0,127 15.523 0o 123 
15,41 15o283 - 0,127 15.533 0,123 
15,42 15,293 - 0,127 15,543 0,123. 
15.43 15,304 - 0,126 15,553 0,123 
15,44 15,314 - 0,126 15,562 0D122 
15,45 15o324 - 0.126 15,572 0.122 
15,46 15,3346 - 0,125 15,582 0,122 
15,47 15,3449 - 0.125 15,592 0,122 
15,48 15,355 - 0,1247 15,601 0,121 • 
15,49 15,366 - 0,124 15,611 .0.121 
15,50 15,376 ~ 0,124 15,621 0*121 
15,51 15,386 - 0,124 15,630 0,120 
15,52 15*396 » 0,124 15,64© 0.120 
15.53 15,407 ~ 0,123 15,650 0,120 
15,54 15,417 » 0,123 15,660 0,120 
15055 15,427 - 0,123 15,669 0,119 
15,56 15,438 - 0,122 15,679 0oll9 
15,57 15o448 ~ 0,122 15„689 0,119 
15,58 15,458 - 0,122 15,699 0,119 
15,59 15,468 - 0,122 15,708 0,118 
15,60 15,479 - 0.121 15,718 0,118 
Table 10, Tables of L(u)(continued)0 












































































































































































































































Table 10, Tables of L(u) (cenfeimued K 








16,02 15,910 •- o,iio 16,127 0,107 
16,03 15,920 - 0,110 16,137 0a107 
16*04 15,931 « 0,109 16,147 ©,107 
16,05 15,941 * 0*109 16,157 0,107 
16,06 15.951 » 0.109 16,166 0,106 
16,07 15.961 -0,109 16,176 0,106 
16*08 15,972 - 0,108 16,186 0,106 
16,09 15,982 - ©,108 16,196 0,106 
16*10 15,992 - 0,108 16,205 0,105 
16.11 16,002 - ©,108 16*215 0,105 
16,12 16,013 - 0,107 16,2248 0,1048 
16.13 160023 - 0*107 16,2346 0,1046 
16,14 16,033 - ©,107 16,244 0,104 
16,15 16,043 - ©,107 16,254 0,104 
16,16 16,054 - 0,106 16,264 0,104 
16,17 16,064 » 0,106' 16,274 0,104 
16.18 16,074 - 0,106 16,283 0,103 
16,19 16*084 -• 0,106 16,293 0,103 
16*2© 16,0945 - ©,105 16,303 0,103 
16,21 16.1047 - ©,105 16,313 0,103 
16,22 16,115 - ©,1049 16,322 0,102 
16,23 16.125 - 0,1047 16,332 ^,102 
16,24 16,136 - 0,1©4 16,342 0,102 
16,25 16,146 - ©,1©4 16,352 0,102 
16,26 16,156 - ©fll©4 16,362 0,102 
16,27 16,166 ~ ©,104 16,371 0,101 
16,28 16.176 - 0,104 16,381 0,101 
16,29 16,187 - 0,103 16.391 0,101 
16,30 16,197 - ©,1©3 16,401 0,101 
16,31 16,207 - ©,103 16,410 0,100 
16,32 16,217 - 0*103 16,420 0,100 
16,33 16,228 - 0,102 16,430 0,100 
16,34 16,238 - 0,102 16,440 0,100 
16,35 16,248 - 0,102 16,449 0,099 
16,36 16,258 - ©*1©2 16,459 0,099 
16.37 16,269 - 0,101 16*469 0,099 
16,38 16.279 - 0,101 16,479 0,099 
16,39 16,289 - 0,101 16,489 0,099 
16,40 16«299 - 0,101 16,498 0,098 
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Table 10. Tables of L(u)(continued)* 








16.82 16.729 - 0,091 16,909 0.089 
16,83 16.739 - 0,091 16.919 0.089 
16.84 16.749 -• 0,091 16,929 0.089 
16.85 16,759 - 0,091 16,939 0.089 
16.86 16.770 - 0.090 16,949 0,089 
16,87 16,780 - 0.090 16,958 0,088 
16.88 16.790 — 0,090 16.968 0.088 
16,89 16,800 - 0,090 16,978 0.088 
16,90 16.810 - 0,090 16,988 0,088 
16,91 16.821 -« 0,089 16,998 0.088 
16,92 16.831 -• 0,089 17,007 0.087 
16.93 16.841 - 0.089 17,017 0.087 
16,94 16.851 - 0,089 17.027 0.087 
16.95 16.861 - 0,089 17,037 0,087 
16a96 16,872 - 0,088 17,047 0,087 
16,97 16,882 •- 0,088 17,056 0.086 
16,98 16o892 '- 0,088 17,066 0,086 
16.99 16,902 •- 0,088 17,076 0.086 
1780O 16,912 - 0,088 17,086 0,086 
17o01 16.923 - 0,087 17,096 0,086 
17,02 16,933 - 0,087 17,105 0,085 
17.03 16.943 - 0,087 17,115 0,085 
17,04 16,953 - 0,087 17,125 0.085 
17,05 16.963 - 0,087 17,1348 0.0848 
17,06 16.974 - 0,086 17,1446 0.0846 
17,07 16,984 - 0,086 17.154 0.084 
17.08 16.994 - 0,086 17,164 0.084 
17o09 17,004 - 0,086 17,174 0.084 
17,10 17,014 - 0,086 17,184 0.084 
17,11 17,0246 - 0*085 17,194 0.084 
17,12 17,0348 - 0,085 17,203 0.083 
17.13 17.045 - 0,0849 17,213 0.083 
17*14 17.055 - 0.0847 17,223 0.083 
17*15 17,065 - 0,0845 17,233 0.083 
17,16 17,076 - 0.084 17,243 0,083 
17,17 17,086 - 0.084 1,7.253 0.083 
17,18 17,096 - 0,084 17,262 0,082 
17,19 17.106 - 0,084 17,272 0.082 
17,20 17.116 - 0,084 17,282 0.082 
Table 10. Tables of L(u)(continued), 
u L(u) + i L(-u) L(ufri) L(-ufi) 
17.21 17,127 - 0,083 
" • V M B M M & ^ ^ H ^ M J ^ ^ B H 
17,292 0,082 
17,22 17.137 - 0,083 17,302 0,082 
17,23 17*147 - 0,083 17,311 0,081 
17,24 17.157 * 0,083 17,321 0,081 
17,25 17,167 - 0,083 17,331 0,081 
17,26 17.178 - 0,082 17,341 0.081 
17,27 17.188 » 0.082 17,351 0.081 
17,28 17,198 - 0,082 17,360 0.080 
17,29 17,208 - 0,082 17.370 0.080 
17.30 17.218 - 0,082 17,380 0,080 
17.31 17,229 - 0,081 17,390 0.080 
17,32 17.239 - 0,081 17,400 0,080 
17,33 17.249 - 0,081 17.410 0,080 
17,34 17.259 - 0,081 17,419 ,0,079 
17.35 17,269 - 0*081 17,429 0,079 
17,36 17.279 - 0,081 17,439 0.079 
17,37 17.290 - 0,080 17.449 0.079 
17,38 17,300 - 0,080 17,459 0,079 
17,39 17.310 - 0,080 17,468 0,078 
17.40 17.320 - 0,080 17,478 0,078 
17,41 17,330 -• 0,080 17,488 0,078 
17.42 17,341 « 0,079 17,498 0,078 
17,43 17,351 - 0,079 17,508 0,078 
17,44 17,361 -0,079 17,518 0,078 
17 = 45 17,371 » 0,079 17,527 0.077 
17,46 17,381 -• 0,079 17,537 0,077 
17,47 17Q392 - ©O078 17,547 0,077 
17 = 48 17„402 - 0,078 17,557 0,077 
17,49 17,412 •• 00078 17,567 0,077 
17.50 17,422 •• 0,078 17,577 0,077 
17*51 17,432 - 0,078 17,586 0,076 
17.52 17,442 - 0,078 17,596 0,076 
17,53 17,453 - 0,077 17,606 0,076 
17,54 17,463 - 0,077 17,616 0,076 
17,55 17,473 » 0,077 17,626 0,076 
17.56 17.483 - 0,077 17,636 0,076 
17,57 17,493 - 0,077 17,645 0,075 
17.58 17,504 » 0,076 17,655 0,075 
17 = 59 17.514 •- 0,076 17,6649 0,0749 
17.60 17.524 - 0,076 17,6748 0,0748 
228 
Table 10, Tables of L( u)(cont inued) a 
u L(u) .» £ 
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17*62 17,544 - 0,076 17,694 0,074 
17,63 17,554 - 0,076 17,704 0,074 
17-64 17.5645 - 0,075 17.714 0,074 
17,65 17.5747 - 0,075 17,724 0,074 
17,66 17,5849 - 0,075 17,734 0,074 
17.67 17,595 - 0,0749 17,744 0,074 
17,68 17,605 - 0,0747 17,753 0,073 
17,69 17,615 - 0,0745 17,763 0,073 
17,70 17,626 - 0,074 17,773 0,073 
17,71 17,636 » 0,074 17,783 0,073 
17,72 17,646 -• 0,074 17,793 0,073 
17,73 17.656 » 0,074 17-803 0,073 
17.74 17.666 -• 0,074 17,812 0.072 
17,75 17,676 -• 0,074 17,822 0,072 
17.76 17,687 * 0,073 17,832 0,072 
Villi 17,697 - 0,073 17,842 0,072 
17.78 17.707 - 0,073 17,852 0,072 
17,79 17,717 •• 0,073 17,862 0.072 
17,80 17,727 •• 0.073 17,871 0,071 
17,81 17,737 -• 0,073 17,881 0,071 
17,82 17,748 - 0,072 17,891 0.071 
17,83 17.758 - 0,072 17,901 0,071 
17*84 17,768 - 0,072 17,911 0,071 
17.85 17,778 * 0,072 17,921 0,071 
17,86 17,788 -» 0,072 17,931 0,071 
17,87 17,798 ~ 0,072 17,940 0.070 
17,88 17,809 - 0,071 17,950 0,070 
17.89 17,819 -« 0.071 17,960 0,070 
17*90 17,829 » 0,071 17,970 0,070 
17,91 17,839 » 0,071 17,980 0,070 
17*92 17,849 •- 0,071 17,990 0,070 
17,93 17,859 •- 0,071 17,999 0,069 
17,94 17,870 •- 0,070 18,009 0,069 
17*95 17,880 •• 0,070 18,019 0,069 
17,96 17,890 » 0,070 18,029 0,069 
17.97 17,900 - 0,070 18,039 0,069 
17,98 17,910 r 0,070 18,049 0,069 
17*99 17,920 » 0,070 18,058 0,068 
18,00 17,931 » 0,069 18,068 0,068 
229 
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18,02 17.951 - 0,069 18,088 0.068 
18.03 17.961 - 0.069 18,098 0.068 
18,04 17,971 - 0.069 18.108 0,068 
18.05 17.981 - 0.069 18,118 0,068 
18,06 17.992 » 0,068 18.127 0.067 
18,07 18.002 - 0.068 18,137 0.067 
18,08 18,012 « 0,068 18,147 0.067 
18.09 18.022 - 0,068 18,157 0.067 
18,10 18,032 » 0.068 18,167 0,067 
18-11 18.042 « 0,068 18,177 0,067 
18,12 18.053 - 0,067 18,186 0.066 
18D13 18.063 ~ 0.067 18,196 0.066 
18.14 18.073 » 0,067 18,206 0.066 
18.15 18.083 » 0,067 18,216 0,066 
18.16 18.093 •• 0,067 18,226 0.066 
18.17 18,103 » 0.067 18,236 0.066 
18,18 18.113 » 0.067 18.246 0,066 
18019 18,124 •• 0,066 18.255 0,065 
18.20 18.134 - 0,066 18,265 0,065 
18.21 18.144 » 0,066 18,275 0.065 
18,22 18.154 » 0.066 18,2849 0,0649 
18,23 18.164 - 0,066 18,2947 0.0647 
18.24 18*174 » 0,066 18.3046 0,0646 
18.25 18.1845 - 0,065 18,314 0.064 
18.26 18.1946 - 0.065 18,324 0,064 
18.27 18.2048 - 0,065 18,334 0,064 
18.28 18.2149 - 0.065 18,344 0.064 
18,29 18.225 - 0.0648 18,354 0.064 
18,30 18.235 ~ 0,0647 18,364 0,064 
18^31 18.245 - 0,0645 18,374 0.074 
18.32 18.256 - 0,064 18,383 0,063 
18.33 18.266 - 0,064 18,393 0.063 
18.34 18.276 - 0,064 18,403 0,063 
18.35 18.286 - 0.064 18,413 0,063 
18.36 18.296 - 0.064 18,423 0,063 
18.37 18.306 - 0.064 18,433 0.063 
18.38 18.316 - 0,064 18.443 0.063 
18,39 18.327 - 0.063 18.452 0,062 
18^40 18.337 - 0.063 18,462 0,062 
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Talle 10. Tables of L(m)(c©mtintied), 








19,62 19,572 ~ 0,048 19*667 0,047 
19,63 19,582 - 0,048 19,677 0,047 
19,64 19,593 * 0,047 19*687 0,047 
19*65 19,603 ~ 0,047 19,687 0,047 1 
19,66 19*613 - 0,047 19,707 0,047 ) 
19*67 19.623 - 0,047 19,717 0,047 ! 
19,68 19,633 - §,©47 19,727 0,047 | 
19,69 19,643 - 0,047 19,736 0.046 | 
19*70 19.653 * 0,047 19,746 0,046 
19,71 19,663 r ©«047 19,756 0O046 
19,72 19.673 - 0.047 19,766 0,046 
19,73 19,684 ~ 0*046 19,776 0,046 ' 
19,74 19,694 » 1,046 19.786 0,046 
19,75 19,704 * §,046 19.796 0,046 
19,76 19,714 * 0O046 19,806 0,046 
19,77 19*724 * 0.046 19,816 0,046 
19,78 19,734 * 0,046 19,825 0,045 
19,79 19,744 - 0»©46 19,835 0*045 
19*80 19„75A - 0,046 19,845 0,045 
19,81 19o764 »•> 0,046 19«855 0o045 
19,82 19,774 * 0,©46 19,865 0,045 
19*83 19,7846 - 0,045 19,8749 0,0449 
19,84 19,7947 ~ 0,045 19,8848 0,0448 
19*85 19,8048 - 0,045 19,8947 0,0447 
19,86 19,8149 * 0,045 19,9046 0*0446 
19,87 19,825 * 0,0449 19«9145 0,0445 
19,88 19.835 - 0,0448 19,924 0,044 
19,89 19,845 - 0,0447 19,934 0*044 
19*90 19,855 - 0,0446 19,944 0*044 
19,91 19,865 ~ 0,0445 19,954 0,044 
19.92 19.876 - 0,044 19.964 0,044 
19,93 19,886 - 0,044 19,974 0,044 
19,94 19,896 - 0*044 19,984 0*©44 
19,95 19=906 - 0O044 19,994 0O044 
19,96 19,916 - 0*044 20,004 0,044 
19,97 19.926 - 0,044 20,014 0,044 
19,98 19*936 - 0,044 20,023 0.043 
19,99 19,946 - 0,044 20,033 0,043 
20*00 19,956 - 0*044 20,043 0,043 
234 
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20s01 0o ©43 
20,©2 19,977 » 0,043 20,063 ©,043 
20,03 19.987 * 0,043 20,073 0,043 
20.04 19,997 * 0*043 20,083 0,043 
20,05 200007 * 0,043 20,093 0,043 
20,06 20,017 - 0tt043 20,103 0,043 
20,07 20.027 - 0,043 20.113 0,043 
2©O08 20,037 « 0,043 20,122 0e©42 
20,09 20.047 - 0,043 20,132 0,042 
20,1© 20,057 * 0,043. 20,142 0,042 
20,11 20,©67 * 0,043 20*152 0,042 
2©,12 20.078 - 0*042 20,162 0,©42 
20,13 20,088 -< 0,042 20.172 0,042 
20.14 20,098 * 0,042 2©,182 0.042 
20 01S 20,108 - 0,042 20*192 ©.©42 
20,16 20,118 -< i«042 20»2©2 ©o©42 
20,17 20,128 - §,042 2©a212 0,042 
2© ,18 20,138 -* 0,042 2©,221 0O041 
20*19 20„148 * 0,042 20,231 0,041 
20,20 20,158 - 0,042 2©,241 0,041 
20,21 20,168 - ©a©42 20,251 0,041 
2©,22 20,179 » ©a©41 20*261 0,041 
20.23 20*189' ~ 0,041 20,271 0,041 
20,24 20,199 - 0,041 20,281 0,041 
2©D25 200209 - 0,041 20,291 0,041 
20,26 20a219 - 09041 20.301 0,041 
20,27 20a229 - 0*041 20,311 0O041 
20,28 20,239 - 0,041 20.321 0,041 
20,29 20,249 - 0,041 20,330 0,040 
20,30 20,259 -> 00 041 20,340 0,040 
20,31 20,269 * 0,041 2©*35© 0,040 
20,32 20*279 - 0,041 20*360- 0*040 
20,33 2Oa290 - 0,04© 2©*37© 0,040 
20,34 20,300 - 0*040 20,380 ©a©4© 
20.35 20*310 - 0,040 20,390 ©«04© 
20,36 20*320 - 0,040 20,400 ©„04© 
20,37 20,320 * 0*040 20,410 ©.©40 
20,38 20,340 - 0.040 20,420 0,040 
20,39 20,350 - 0,040 20,43© 0,040 
20.40 20,360 ~ 0,040 200439 0„039 
235 
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20.42 20,380 * 0,040 20,459 0.039 
20.43 20,390 - 0,040 20,469 0.039 
20.44 20,401 - 0„©39 2©,479 0*039 
20,45 20,411 * 0,039 20,489 0,039 
20.46 20.421 - 0.039 20.499 0.039 
20.47 20.431 - 0,039 20,509 0,039 
20.48 20,441 ••* 0*039 20,519 0,039 
20,49 20.451 - 0*039 20,529 0,039 
20,50 20,461 ~ 0,039 20,539 0,039 
20,51 20.471 - 0,039 20,548 0*038 
20,52 20,481 - 0,039 20,518 0,038 
20 a 53 20,491 *• &.039 20.561 0.038 
20,54 20,501 <* 0.039 20.171 0.038 
20,55 20,512 ~ 0*038 20.588 0 038 
20,56 20,522 - 0.038 20.591 0,038 
20,57 20,532 -• 0,038 2©,6©| 0*038 
20.58 20.542 * 0.038 20,618 0.038 
20,59 20.552 « ©.038 20.628 0,038 
20,6© 20.562 - 0,038 20.638 0,038 
20,61 20.572 * 0,038 20.648 0.038 
20B62 20,582 - 0,038 20.657 0*037 
20.63 20,592 - 0,038 20,667 0,037 
20*64 20,602 •• 0,038 20.677 0.037 
2©.65 20.612 * 0,038 20.687 0,037 
20,66 20,623 •- 0.037 20.697 0,037 
20,67 20,633 - 0,O3i7 20,707 0.037 
20.68 20,643 - 0*037 20,717 0O 037 
20.69 20,653 - 0,037 20,727 0,037 
20,70 20,663 - 0*037 20*737 0,037 
20,71 20,673 - 0,037 20.747 0,037 
20,72 20,683 - 0.037 20,757 0.037 
20.73 20.693 * ©.037 20.767 0.037 
20,74 20.703 - 0,037 20,776 0,036 
20,75 20.713 * 0,037 20«786 0,036 
20,76 20.723 - 0.037 20.796 0,036 
20,77 20.733 - 0.037 20,806 0,036 
26*78 20,744 * 0,036 20.816 0,036 
20.79 20.754 - ©,036 20,826 0.036 
20,80 20,764 - 0.036 20,836 0,036 
Table 10o Tables of L(u) (continued) . 
u L(u) + i U-u) L(u»i) L(-u»i) 
20,81 20.774 - 0.036 20.846 0,036 
20.82 20.784 » 0.036 20,856 0.036 
20.83 20.794 - 0.036 20.866 0.036 
20.84 20.804 - 0.036 20.876 0,036 
20.85 20.814 - 0.036 20.886 0,036 
20.86 20.824 - 0.036 20.895 0,035 
20.87 20.834 - 0.036 20,905 0.035 
20.88 20.844 - 0.036 20.915 0.035 
20o89 20.854 - 0.036 20.925 0.035 
20.90 20.864 -•0.036 20.935 0.035 
20.91 20.8746 - 0.035 20,945 0.035 
20.92 20.8847 - 0.035 20.9549 0.0349 
20.93 20.8948 - 0.035 20.9649 0.0349 
20.94 20.9048 - 0.035 20.9748 0.0348 
20,95 20.9149 - 0.035 20,9847 0,0347 
20.96 20.925 - 0.0349 20.9946 0,0346 
20.97 20.935 - 0.0348 21,0045 0.0345 
20.98 20.945 - 0,0347 21.0145 0.0345 
20.99 20.955 '- 0.0347 21,024 0.034 
21.00 20.965 » 0.0346 21.034 0.034 
21.01 20.975 - 0.0345 21,044 0,034 
21.02 20.986 » 0.034 21,054 0.034 
21.03 20.996 - 0,034 21,064 0.034 
21,04 21.006 •• 0.034 21,074 0,034 
21,05 21.016 » 0.034 21,084 0,034 
21e06 21.026 - 0.034 21.094 0.034 
21.07 21.036 - 0.034 21,104 0.034 
21.08 21.046 - 0.034 21.114 0.034 
21.09 21.036 - 0,034 21.124 0.034 
21.10 21.066 - 0.034 21,134 0.034 
21.11 21.076 - 0.034 21.144 0 034 
21.12 21.086 - 0.034 21.153 0,033 
21.13 21.096 - 0.034 21,163 0,033 
21.14 21.106 - 0.034 21,173 0.033 
21.15 21.117 - 0,033 21.183 0.033 
21.16 21.127 - 0.033 21,193 0.033 
21.17 21.137 - 0,033 21.203 0.033 
21.18 21.147 - 0,033 21,213 0,033 
21.19 21.157 - 0,033 21,223 0.033 
21.20 21.167 - 0.033 21,233 0.033 
237 
Table 10, Tables ©f L(u)(continued), 








21*22 21,187 - 0,033 21,253 0,033 
21.23 21.197 - 0,033 21.263 0,033 
21,24 21*207 * 0.033 21,273 0,033 
21.25 21,217 ~ 0,033 21.282 0,032 
21,26 21,227 - 0.033 21,292 0,032 
21,27 21,237 - 0,033 21,302 0.032 
21*28 210248 * 0,032 21*312 0,032 
21*29 21,258 - 0,032 21,322 0,032 
21.30 21.268 - 00 032 21.312 0,032 
21.31 21.278 - 0,032 21,342 0,032 
21,32 21,288 - 0 , 0 3 2 21,352 0.032 
21.33 21.298 - 0.032 21.362 0.032 
21,34 21,308 » 0,032 21,372 0.032 
21,35 21,318 .« 0.0212 21,312 0,032 
21,36 21,328 - 0,032 21,392 0.032 
21.37 21,338 » 0,032 21.402 0.032 
21,38 21,348 - 0,032 21.411 0,031 
21,39 21,358 - 0,032 21,421 0,031 
21,40 21.368 - 0*032 21,431 0.031 
21,41 21,378 - 0.032 21,441 0,031 
21,42 21,389 * 0*031 21,451 0,031 
21,43 21.399 - 0,031 21,461 0.031 
21.44 21,409 - 0,031 21,471 0,031 
21,45 21,419 - 0.031 21,481 0*031 
21.46 21,429 « 0.031 21„491 0.031 
21,47 21,439 - 0.031 21.501 0,031 
21,48 21,449 - 0,031 21.511 0.031 
21.49 21.459 - 0,031 21,521 0.031 
21.50 21,469 ' - 0,031 21,531 0.031 
21,51 Z\»W<) - 0,031 21.541 0.031 
21.52 21,489 * 0,031 21,550 00030 
21,53 21,499 - 0 ,031 21,560 0*030 
21*54 21,509 - 0,031 21,570 0,030 
21,55 21,519 - 0,031 21.580 0,030 
21,56 21,530 - 0.030 21,590 0.030 
21*57 21,540 - 0,030 21,600 0.030 
21,58 21,550 •* 0,030 21.610 0,030 
21.59 21,560 - 0,030 21,620 0.030 
21,60 21.570 - 0,0130 21,630 0,030 
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Table 10, Tables of L(u)(continued). 
u L(u) .+ I L(~u) L(ufi) L(-u*i) 
22.01 21,973 * 0.027 22.037 0,027 
22.02 21.993 * 0,027 22„Q47 0,027 
22.03 22.003 » 0,027 22,057 0,027 
22.04 22o013 - .0.027 22.067 0,027 
22.05 22,023 - 0.027 22„077 0.027 
22.06 22.033 » 0.027 22,087 0o027 
22.07 22,043 - 0,027 22,097 0,027 
22.08 22,053 » 0,027 22,107 0»027 
22.09 22.063 ~ 0,027 22,117 0,027 
22.10 22.073 » 0,027 22.127 0,027 
22.11 22,083 -0,027 22.137 0,027 
22.12 22,093 •- 0.027 22,147 0.027 
22.13 22,103 ~ 0,027 22,157 0,027 
22n14 22,113 » 0,027 22,166 0o026 
22n15 22,123 - 0.027 22.176 0,026 
22.16 22.134 - 0.026 22,186 0.026 
22.17 22,144 - 0,026 22,196 0.026 
22.18 22,154 - 0*026 22,206 0,026 
22.19 22,164 - 0,026 22,216 0,026 
22.20 22,174 * 0,026 22,226 0.026 
22.21 22,184 * 0.026 22,236 0.026 
22.22 22,194 -> 0,026 22,246 0*026 
22.23 22.204 - 0,026 22,256 0.026 
22.24 22,214 - 0,026 22,266 0,026 
22.25 22,224 - 0,026 22,276 0,026 
22.26 22,234 - 0.026 22,286 0,026 
22.27 22.244 - 0,026 22,296 0,026 
22.28 22,254 * 0.026 22,306 0,026 
22.29 22,264 - 0,026 22,316 0,026 
22.30 22.274 - 0.026 22.325 0,025 
22.31 22,284 - 0,026 22,335 0.025 
22.32 22,294 -0.026 22.345 0.025 
22.33 22.3045 - 0,025 22,355 0,025 
22.34 22.3145 - 0,025 22,365 0 
22.35 22,3246 - 0.025 22,375 0 
22.36 22.3347 - 0,025 22,385 0 
22.37 22.3447 * 0,025 22,395 0.025 22.38 22,3548 -0,025 22,405 0,025 9 . 6  0.0 149 . 49 40 7 9 , 2 2
Table 10, Tables of L 
u L(u) t i , 14>m] 
22.41 22,3849 - ©,©25 
22.42 22,395 - ©,0249 
22,43 22.405 * ©,©248 
22,44 22,415 - ©,0248 
22,45 22,425 - 0.0247 
22.46 22,435 - ©,©247 
22.47 22.445 « ©,0246 
22,48 22,455 -* ©,0246 
22,49 22B465 « ©,©245 
22,30 220476 - 0*024 
22,51 22.486 » 0.024 
22,52 22,496 -* ©,024 
22,53 22.506 - 0.024 
22,54 22,516 -» ©.024 
22*55 22,526 * 0,024 
22,56 22,536 -* 0,024 
22,57 22,546 - ©0 024 
22,58 220556 - 0.024 
22,59 22,566 - 0*024 
22,6© 22,576 - 0O©24 
22.61 22,586 - 0,024 
22a62 22.596 •- 0.024 
22,63 22a606 - 0*024 
22,64 22,616 - 0.024 
22,65 22,626 * 0,024 
22,66 22,636 - 0,024 
22,67 22,646 - 0*024 
22,68 22,657 - 0,023 
22,69 22,667 * ©,©23 
22.7© 22,677 * ©,©23 
22,71 Ze/e , 0 9 / * ©,§23 
22.72 22*697 * 0.023 
22,73 22.7©7 - 0.023 
22,74 22,717 - ©,©23 
22,75 22,727 « 0.023 
22.76 22,737 - ©,©23 
22,77 22*747 * ©,©23 
22.78 22,757 - 0*023 
22.79 22,767 ~ 0*023 
22,8© 22,777 *- ©,©23 
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Table 10o Tables of L(m) (comfeiBue* 
L(u) ,t 1 kfrfe).. L:(ufi; 
23.21 23.189 - 0.021 &^t £*«3x. 0.021 
23.22 23.199 - 0.021 23.241 0.021 
23.23 23.209 - 0.021 2,3 .-251 0.021 
23,24 23.219 - §.021 230261 0.021 
23.25 23.229 - 0,021 iL-j . JL i X. 0.021 
23.26 23,239 - 0.021 23.280 0,020 
23.27 23.249 * 0*021 23.290 0.020 
Z**j . <£>© 23.260 » ©.020 23.300 0.020 
23.29 23.270 - 0.020 23.310 0.020 
23,30 23.280 - 0.020 23.320 0.020 
23.31 23.290 * 0.02© 23.330 0,020 
23.32 23.300 * ©.©2© 23.340 0.020 
23.33 23,310 •* 0.020 23.350 0.020 
23.34 23.320 » 0.020 23.360 0.020 
23.35 23.330 - 0,020 23.370 0.020 
23.36 23.340 - 0.020 23.380 0.020 
23.37 23.350 * 0.020 23.390 0.020 
23.38 23,360 * 0.020 23,400 0.020 
23.39 23.370 - 0.020 23.410 0.020 
23.4® 23.38© * 0.02© 23.420 0.020 
23.41 23.390 - 0.02© 23.430 0.020 
23,42 23.400 « 0.020 23,440 0.020 
23,43 23.410 - 0,020 23,410 0.020 
23,44 23.420 . - 0*020 23.460 0.020 
23.45 23.430 - 0.020 23.470 0.020 
23.46 23.440 •* 0.020 23.41© 0.020 
23.47 23.450 - 0,020 23.489 0.019 
23,41 23*460 * 0.020 23.499 0.019 
23*49 23,471 - 0*019 23.509 0.019 
23.50 23.481 - 0*019 23*519 0.019 
23.51 23,491 - 0.019 23,529 0.019 
23.52 23.501 - 0.019 23.539 0.019 
23.53 23,511 * 0.019 23.549 0.019 
23,54 23.521 - 8.919 23.559 0.019 
23.55 23.531 - 0,819 23.569 0.019 
23,56 23.541 - 0,019 23.579 0.019 
23.57 23.551 - §,019 23.589 0.019 
Zj o 58 23,561 - ©.019 23.599 0.019 
23.59 23.571 - 0.019 23.609 0O019 
23.60 23.581 - 0,019 23.619 ©D©19 
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Table 10. Tables of L(u)(continued). 








24.02 24,003 - 0.017' 24.037 0.017 
24,03 24.013 - 0,017 24.047 0.017 
24,04 24.023 - 0.017 24,057 0.017 
24,05 24.033 - 0.017 24.067 0,017 
24o06 24.043 - 0.017 24.077 0.017 
24o07 24,053 - 0,017 24,087 0,017 
24.08 24,063 - 0,017 24.097 0.017 
24.09 24.073 - 0.017 24.107 0.017 
24ol0 24.083 - 0,017 24.117 0.017 
24,11 24.093 r 0.017 24,127 0.017 
24P12 24,103 - 0.017 24.137 0.017 
24,13 24,113 - 0.017 24.147 0,017 
24,14 24,123 •« 0.017 24.157 0.017 
24,15 24,133 - 0.0J.7 24,167 0.017 
24.16 24.143 - 0,017 24.177 0,017 
24.17 24.153 ~ 0o0l7 24.187 0,017 
24,18 24.163 » 0.017 24.197 0.017 
24.19 24.173 - 0,017 24,207 0.017 
24.20 24.183 - 0„017 24.216 0,016 
24.21 24.193 - 0.017 24.226 0,016 
24,22 24.204 - 0.016 24,236 0.016 
24,23 24.214 - 0,016 24,246 0.016 
24,24 24,224 - 0.016 24,256 0,016 
24,25 24.234 - 0,016 24.266 0.016 
24.26 24,244 - 0.016 24.276 0.016 
24.27 24.254 - 0,016 24,286 0.016 
24,28 24.264 - 0,016 24.296 0,016 
24,29 24.274 - 0,016 24,306 0.016 
24,30 24.284 - 0.016 24,316 0.016 
24,31 24.294 - 0,016 24,326 0.016 
24,32 24.304 - 0.016 24,336 0.016 
24,33 24,314 - 0.016 24,346 0.016 
24,34 24.324 - 0.016 24,356 0.016 
24.35 24.334 - 0.016 24.366 0.016 
24,36 24.344 - 0.016 24.376 0.016 
24.37 24,354 - 0.016 24.386 0.016 
24„38 24.364 - 0.016 24,396 0.016 
24,39 24.374 - 0,016 24.406 0.016 
24.40 24.384 - 0,016 24.416 0.016 
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Table 10, Tables of L(u)(continued). 








24,42 24.404 - 0.0KS 24.436 0.016 
24,43 24.414 ~ 0.016 24.446 0.016 
24*44 24.424 * 0.016 24,456 0.016 
24.45 24.434 - 0.016 24.466 0.016 
24.46 24.444 - 0.016 24.476 0.016 
24.47 24.454 - 0.016 24.485 0.015 
24.48 24.464 - 0.016 24.495 0.015 
24.49 24.4745 - 0.015 24.505 0.015 
24.50 24.4845 - 0.015 24.515 0.015 
24.31 24.4945 » 0.015 24.525 0.015 
24,52 24.5046 •- 0.015 24.535 0.015 
24.53 24.5146 - 0.015 24.545 0.015 
24.54 24,5247 - 0.015 24.555 0.015 
24.55 24.5347 » 0,015 24.565 0.015 
24.56 24.5447 - 0.015 24.575 0.015 
24.57 24.5548 - 0.015 24.585 0.015 
24.58 24.5648 - 0.015 24.595 0.015 
24.59 24.5748 - 0.015 24.605 0.015 
24.60 24.5849 - 0.015 24.615 0.015 
24.61 24.5949 - 0.015 24.6249 0.0149 
24.62 24.6049 - 0.015 24.6349 0.0149 
24.63 24.615 - 0.0149 24.6449 0.0149 
24.64 24.625 - 0.0149 24.6548 0.0148 
24.65 24.635 - 0.0149 24.6648 0.0148 
24,66 24.645 - 0.0148 24,6748 0.0148 
24.67 24.655 - 0.0148 24.6847 0.0147 
24.68 24.665 - 0.0148 24.6947 0.0147 
24.69 24.675 - 0.0147 24.7047 0.0147 
24.70 24.685 - 0.0147 24.7146 0.0146 
24.71 24.695 - 0.0147 24.7246 0.0146 
24.72 24.705 - 0.0146 24.7346 0.0146 
24.73 24.715 - 0.0146 24.7445 0 0145 
24.74 24.725 - 0.0146 24,7545 0.0145 
24.75 24.735 - 0.0145 24.7645 0.0145 
24.76 24.745 - 0.0145 24,774 0.014 
24.77 24.755 - 0.0145 24.784 0.014 
24.78 24.766 - 0.014 24.794 0.014 
24.79 24.776 - 0.014 24.804 0.014 
24.80 24.786 - 0.014 24.814 0.014 
i 
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Table 10, Tables of L(u i) (cont inued) . 
u L(u) » £ 
24.796 






M H ^ M V i ^ M W M n M a B 
0.014 
24.82 24,806 - 0.014 24,834 0.014 
24n83 24.816 - 0,014 24,844 0,014 
24,84 24,826 - 0,014 24,854 0.014 
24.85 24,836 - 0,014 24,864 0.014 
24*86 24,846 - 0,014 24,874 0.014 
24o87 24.856 - 0*014 24,884 0,014 
24,88 24,866 - 0,014 24,894 0,014 
24.89 24,876 - 0 ,014 24,904 0.014 
24.90 24.886 - 0.014 24,914 0,014 
24,91 24.896 » 0.014 24,924 0,014 
24.92 24,906 - 0.014 24,934 0,014 
24.93 24,916 - 0.014 24,944 0.014 
24.94 24.926 - 0,014 24,954 0.014 
24,95 24.936 -« 0.014 24.964 0.014 
24*96 24,946 » 0.014 24.974 0,014 
24,97 24.956 » 0.014 24.984 0.014 
24,98 24.966 - 0.014 24.994 0,014 
24,99 24.976 » 0,014 25,004 0.014 
25,00 24,986 » 0,014 25.014 0,014 
25,01 24.996 - 0,014 25.024 0,014 
25.02 25.006 - 0,014 25.034 0,014 
25,03 25.016 - 0,014 25,044 0.014 
25.04 25.026 - 0.014 25,054 0,014 
25,05 25,036 - 0.014 25,064 0.014 
25,06 25,046 - 0,014 25*074 0.014 
25,07 25.056 - 0,014 25,083 0.013 
25,08 25.066 - 0.014 25.093 0,013 
25.09 25.077 - 0.013 25,103 0,013 
25,10 25,087 - 0.013 25.113 0,013 
25.11 25.097 - 0,013 25,123 0,013 
25.12 25,107 - 0,013 25,133 0.013 
25.13 25,117 - 0,013 25,143 0.013 
25.14 25.127 - 0.013 25,153 0.013 
25,15 25.137 - 0,013 25,163 0,013 
25,16 25.147 - 0.013 25*173 0,013 
25,17 25,157 - 0,013 25,183 0,013 
25,18 25,167 - 0,013 25,193 0,013 
25,19 25.177 - 0.013 25.203 0.013 
25,20 25,187 - 0,013 25,213 0,012 
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Table 10, Tables of L(u L) (c en tinned )> 
u L(u) 4 i Jtfc«l_ L(ufri) L(-u»£) 
25,61 25.598 - 0.012 25.622 0.012 
25.62 25.608 •• 0.012 25.632 0.012 
25.63 25.618 - 0.012 25,642 0,012 
25*64 25.628 - 0.012 25,652 0.012 
25.65 25.638 - 0.012 25.662 0,012 
25.66 25.648 « 0.012 25,672 0.012 
25,67 25.658 - 0,012 25.682 0.012 
25,68 25.668 - 0.012 25.692 0,012 
25.69 25.678 - 0,012 25.702 0.012 
25.70 25,688 - 0.012 25,712 0,012 
25o71 25.698 - 0,012 25.722 0.012 
25,72 25.708 - 0,012 25,732 0.012 
25.73 25.718 - 0.012 25,742 0.012 
25*74 25.728 - 0.012 25,752 0.012 
25.75 25,738 - 0.012 25,762 0.012 
25,76 25.748 - 0.012 25.772 0.012 
25,77 25,758 ~ 0,012 25.781 0.011 
25*78 25.769 - 0,011 25.791 0.011 
25.79 25.779 - 0,011 25.801 0.011 
25,80 25.789 - 0,011 25,811 0.011 
25,81 25,799 - 0.011 25,821 0.011 
25*82 25.809 - 0.011 25.831 0,011 
25,83 25,819 - 0,011 25,841 0.011 
25,84 25.829 - 0,011 25.851 0.011 
25,85 25.839 - 0.011 25,861 0.011 
25.86 25,849 - 0.G11 25.871 0.011 
25,87 25.859 - 0,011 25.881 0.011 
25,88 25.869 - 0.0)11 25,891 0.011 
25.89 25,879 - 0.011 25.901 0.011 
25.90 25,889 - 0.011 25,911 0.011 
25.91 25.899 ~ 0.011 25,921 0.011 
25.92 25,909 - 0.011 25.931 0o Oil 
25.93 25.919 - 0.011 25.941 0.011 
25.94 25.929 - 0,011 25.951 0.011 
25,95 25,939 - 0,011 25,961 0.011 
25.96 25.949 » 0.011 25,971 0.011 
25,97 25.959 - 0.011 25.981 0.011 
25,98 25.969 - 0.011 25,991 0,011 
25.99 25.979 - 0.011 26,001 0.011 
26,00 25.989 - 0,011 26.011 0.011 
249 
Table 10. Tables of L(u)(continued), 
u L(u) • I L(-u) L(u4i) L(-ufri) 
26.01 25,999 - 0.011 24.021 0, 
26.02 26.009 - 0*011 26.031 0,011 
26.03 26.019 - 0.011 26,041 0o011 
26.04 26.029 <- 0.011 26,051 0.011 
26.05 26.039 - 0.011 26.061 0.011 
26.06 26,049 - 0.011 26,071 0,011 
26*07 26,059 - 0,011 26.081 0,011 
26.08 26,069 - 0.011 26,091 0.011 
26.09 26,079 » 0,011 26,101 0,011 
26.10 26,089 - 0,011 26,111 0,011 
26.11 26,099 » 0.011 26,121 0.011 
26.12 26,109 » 0.011 26.131 0,011 
26.13 26,119 - 0,011 26.141 0,011 
26.14 26.129 - 0,011 26.151 0 
26.15 26,139 - 0,011 26,161 0 
26.16 26,149 - 0,011 26,171 0.011 
26.17 26,159 - 0.011 26.180 0, 
26.18 26.170 - 0*010 26.190 0 
26.19 26.180 - 0,010 26.200 0,010 
26.20 26;190 - 0,010 26*210 0.010 
26.21 26,200 - 0,010 26,220 0, 
26.22 26,210 - 0,010 26*230 0, 
26.23 26,220 - 0,010 26,240 0, 
26.24 26,230 - 0,010 26*250 0, 
26.25 26.240 - 0,010 26.260 0 
26.26 26.250 - 0,010 26.270 0, 
26.27 26.260 - 0.010 26.280 0 
26.28 26.270 - 0.010 26.290 0.010 
26.29 26.280 - 0,010 26.300 0, 
26.30 26.290 - 0.010 26.31© 0 
26.31 26,300 - 0,010 26,32© 0, 
26.32 26.310 - 0.010 26.330 0,010 
26.33 26.320 - 0,010 26.340 0, 
26.34 26,330 - 0,010 26,350 0, 
26.35 26,340 - 0.010 26,360 0,010 
26.36 26.350 - 0.010 26,370 0, 
26.37 26.360 - 0,010 26,380 0 8 7 * . . 9 , 9 8 4040 , 9 1 .010 
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26.42 26.410 - 0.010 26.430 0.010 
26,43 26.420 - 0.010 26,440 0.010 
26.44 26.430 » 0.010 26.450 0.010 
26.45 26.440 -0.010 26.460 0.010 
26,46 26.450 - 0,010 26.470 0.010 
26o47 26.46© - 0.010 26.480 0.010 
26,48 26.470 » 0.010 26.490 0,010 
26,49 26.480 - 0.010 26.500 0.010 
26,50 26.490 - 0,010 26.510 0.010 
26051 26.500 - 0,010 26.520 0.010 
26,52 26.510 - 0,010 26.530 OO010 
26.53 26,52© - 0.010 26.540 0.010 
26,54 26,530 * 0.010 26.550 0.010 
26.55 26.540 - 0.010 26.560 0.010 
26*56 26.550 - 0.010 26,570 0.010 
26.57 26.560 - 0.010 26.580 0.010 
26,58 26.570 - 0.010 26.590 0.010 
26,59 26.580 - 0.010 26.600 0.010 
26.60 26.590 - 0.010 26.609 0.009 
26.61 26.601 - 0.009 26.619 0.009 
26.62 26.611 - 0.009 26.629 0.009 
26.63 26.621 - 0.009 26.639 0.009 
26,64 26.631 - 0.009 26.649 0.009 
26.65 26.641 - 0.009 26.659 0.009 
26,66 26.651 - 0.009 26.669 0.009 
26,67 26.661 - 0.009 26.679 0.009 
26.68 26.671 - 0.009 26.689 0.009 
26.69 26.681 - 0.009 26.699 0.009 
26.70 26.691 - 0.009 26.709 0.009 
26.71 26.701 - 0.009 26.719 0.009 
26,72 26.711 - 0.009 26.729 0.009 
26.73 26.721 - 0.009 26.739 0.009 
26.74 26.731 -• 0.009 26.749 0.009 
26,75 26.741 - 0.009 26.759 0.009 
26,76 26.751 - 0.009 26.769 0.009 
26.77 26.761 - 0,009 26.779 0.009 
26.78 26.771 - 0.009 26.789 0.009 
26.79 26.781 - 0.009 26.799 0,009 
26.80 26.791 - 0.009 26.809 0.009 
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u L(u) + I 





26,82 26.811 - 0,009 26.829 0,009 
26,83 26.821 - 0.009 26,839 0,009 
26,84 26,831 - 0.009 26,849 0,009 ! 
26.85 26,841 - 0,009 26,859 0.009 
26*86 26.851 - 0,009 26.869 0.009 
26,87 26,861 * 0,009 26,879 0.009 | 
26.88 26,871 - 0.009 26,889 0.009 
26,89 26,881 - 0.009 26,899 0,009 
26,90 26,891 - 0,009 26,909 0,009 
26.91 26,901 « 0,009 26,919 0,009 
26.92 26,911 « 0.009 26,929 0.009 
26.93 26,921 - 0,009 26.939 0.009 
26.94 26.931 - 0,009 26,949 0,009 
26,95 26,941 • 0,009 26,959 0.009 
26.96 26,951 - 0,009 26,969 0,009 
26.97 26,961 » 0,089 26,979 0.009 
26.98 26.971 - 0.009 26,989 0,009 
26,99 26.981 ~ 0,009 26,999 0.009 
27,00 26,991 - 0.009 27.009 0.009 
27.01 27,001 ~ 0,009 27o019 0.009 
27.02 27.011 * 0,009 27,029 0.009 
27,03 27a021 - 0,009 27.§39 0.009 
27,04 27,031 - 0.009 27,049 0,009 
27,05 27.041 - 0,009 27,059 0,009 
27,06 27.051 - 0,009 27,069 0,009 
27.07 27.061 - 0,009 27,079 0,009 
27,08 27.071 - 0,009 27.088 0.008 
27,09 27,082 * 0,008 27,098 0.008 
27.10 27.092 - 0,008 27.108 0,008 
27,11 27,102 « 0,008 27,118 0.008 
27,12 27,112 - 0,008 27,128 0.008 
27,13 27.122 - 0.008 27*138 0,008 
27,14 27,132 - 0.008 27,148 0,008 
27,15 27.142 - 0,008 27.158 0,008 
27,16 27.152 •*' 0,008 27,168 0.008 
27.17 27.162 - 0,008 27,178 0,008 
27,18 27.172 - 0.008 27.188 0.008 
27*19 27.182 - 0.008 27,198 0.008 
27,20 27.192 - 0,008 27,208 0.008 
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u L(u) * I <— L(»u) L(u+I) L(-u»i) 
27,21 27*202 »« 0aOO8 27,218 0.008 
27,22 27,212 „ 0O0©8 27,228 0.008 
27*23 27,222 « 0O0§8 27.238 0,008 
27,24 27,232 * 0.008 27,248 0.008 
27,25 27a242 — 0,008 27,258 0o0O8 
27,26 27.252 * 0,008 27.268 0,008 
27.27 27.262 « 0,008 27,278 0,008 
27,28 27.272 w 0,008 27,288 0.008 
27,29 27.282 "->' 0.008 27*298 0,008 
27*30 27,292 - 0,008 27,308 0,008 
27.31 < 27.302 r 0,008 27,318 0.008 
27,32 27a312 n 0.008 27,328 0,008 
27.33 27.322 — .0*008 27,338 0.008 
27,34 27.332 .* 0,008 27,348 0,008 
27.35 27,342 - 0,008 27,358 0,008 
27.36 27.352 - 0,ios 27<>.3-6'8.-: 0,008 
27,37 27,362 •«> ©,§08 27,378 0,008 
27,38 27,372 « i,§08 27,388 0.008 
27*39 27.312 - O3CO8 27.398 0.008 
27,4© 27,392 » 6.808 27,408 0,008 
27,41 27,402 «» Oo §08 27.418 0.008 
27,42 27,412 — 0,008 27,428 0,008 
27.43 27,422 A 0.008 27.438 0.008 
2f,44 27.432 « 0,0§8 27,448 0.008 
27,45 27.442 "> 0 008 27,458 0,008 
27.46 27,452 an io0§8 27,468 0,008 
27,47 27,462 * 0,008 27,478 0,008 
27.48 27.472 ^ 8 A 088 27,488 0.008 
27.49 27,482 -, §,§08 27,498 0,008 
27,50 27,492 m 8.888 27,508 0,008 
27,51 27,502 « 0,008 27,518 0,008 
27.52 27.512 i » 0,008 27,528 0a008 
27,53 27,522 **' 0,008 27,538 0,008 
27,54 27,532 - 0,008 27,548 0,008 
27.55 27,542 - 0,008 27,558 0*008 
27,56 27,552 — §.008 27,568 0,008 
27*57 27,562 1* |fl008 27,578 0.008 
27,58 27,572 A 0,008 27*588 0,008 
27,59 27,582 - §,008 27,598 0,008 
27,60 27,592 lis §,©08 27,608 0.008 
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Table 10. Tables of L(u) (continued K 
u L(m) + i L(-u) L(u4>l) L(-U4I) 
27,61 27.602 ^ 0O§©8 27,618 ©.©©8 
27*62 27.612 <- 0,008 27.628 ©.©©8 
27.63 27.622 * ©6008 27.637 ©.©©7 
27,64 27,633 - 0.007 27.647 ©.©07 
27*65 27.643 - ©.©07 27.6B7 0.007 
27,66 27.653 ~ 0.007 27.667 0.0©7 
27,67 27.663 - 0.007 27.677 ©.007 
27.68 27.673 - 0.007 27.687 0.007 
27*69 27.683 - 0.007 27.697 ©.©©7 
27.7© 27.693 - 0.007 27.707 0.007 
27.71 27.703 * ©.007 27*717 ©.©©7 
27.72 27.713 - 0.0©7 27.727 ©.Q©7 
27.73 27.723 - 0,007 27.737 ©.007 
27,74 27.733 » 0.107 27.747 0.007 
27.75 27.743 - 0.007 27.757 0.0©7 
27.76 27.753 - 0.007 27.767 0.007 
27.77 27.763 * 0.007 27.777 0.007 
27.78 27.773 - 0.007 27.787 O.0©7 
27*79 27,783 - 0.007 27.797 ©*©07 
27*80 27.793 - 0*007 27.807 0.0©7 
27.81 27.8©3 - 0,007 17.817 ©.007 
27,82 27.813 •* ©.007 27,827 0.0©7 
27.83 27.823 - 0.007 2,7 a 33-7 ©.©©7 
27.84 27.833 - ©.007 27.847 ©.0©7 
27,85 27.843 - 0.007 27.857 ©.007 
27.86 27.853 - 0.007 27.867 0.007 
27.87 27.863 - §.007 27.877 0.©©7 
27.88 27.873 - 0.0©7 27*887 0O©07 
27.89 27.883 - 0.007 27.897 ©.©©7 
27.9© 27.893 - 0.0©7 27.907 ©.©07 
27.91 27.9©3 - §.007 27.917 O.©07 
27.92 27.913 - ©.©07 27.927 0.007 
27.93 27.923 - 0.©07 27.937 O.©07 
27*94 27,933 - 0.007 27.947 ©.©©7 
27.95 27.943 * 0.007 27.957 0,©©7 
27.96 27.953 * 0.007 27.967 ©,©©7 
27.97 27.963 - 0.007 27.977 ©.0©7 
27.98 27.973 * 0.007 27.987 ©.007 
27.99 27.983 * 0.007 27.997 O.0©7 
28B©0 27.993 - 0.007 28.007 ©»©©7 
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28*41 - 0.006 
28,42 28.414 - 0.006 
28*43 28,424 - 0,006 
28.44 28.434 - 0.006 
28,45 28,444 - 0J306 
28*46 28,454 - 0.006 
28,47 28.464 ~ 0.006 
28,48 28,474 - 0.006 
28,49 28,484 - 0.006 
28,50 28,494 - 0.006 
28,51 28,104 - 0,006 
28.52 28,514 - 0.006 
28,53 28,524 - 0.006 
28,54 28,534 - 0.006 
28,55 28,544 - 0,006 
28,56 28,554 - 0*006 
28.57 28.564 - 0,006 
28 a 58 28,574 - 0.006 
28,59 28,584 - 0.006 
28,60 28,594 - 0.006 
28.61 28,604 » 0.006 
28,62 28.614 - 0,006 
28,63 28,624 - 0.006 
28,64 28,634 - 0.006 
28,65 28,644 - 0,006 
28,66 28,654 - 0,006 
28,67 28,664 - 0,006 
28,68 28,674 ~ 0,006 
28*69 28,684 - 0,006 
28.70 28*694 - 0,006 
28,71 28,704 - 0,006 
28,72 28*714 - 0.006 
28*73 28.724 - 0.006 
28.74 28,734 - 0.006 
28,75 28,744 - 0,006 
28*76 28,754 - 0.006 
28*77 28,764 - 0,006 
28,78 28,774 - 0.006 
28,79 28,784 - 0.006 
28s 80 28,794 ~ (1,006 
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29,22 29,2148 jue, 0.005 29.225 0.005 
29,23 29,2248 *t 0.005 29.235 0.005 
29,24 29.2348 * 0.005 29.245 0.005 
29,25 29,2448 • « 0.005 29.211 0.005 
29.26 29,2548 m 0,005 29.265 0.005 
29.27 29,2648 tax 0.005 29.271 0.005 
29,28 29.2748 A 0.005 29.285 0.005 
29*29 29.2848 » 0.005 29,295 0.005 
29,3© 29,2948 * 0,005 29,3©S 0.005 
29,31 29,3049 A 0.005 29.315 0.005 
29.32 29*3149 * 0.005 29.325 0.005 
21,33 29,3249 -> 0.005 29.33! 0o005 
29*34 29,3349 * 0.005 29.345 0.005 
29.35 29,3449 !*• 0.005 29.355 0.005 
29,36 29.3549 « 0.005 29.365 0.005 
29,37 29,3649 - 0.005 29.371 0.005 
29,38 29.3749 ** 0.005 29,385 0.005 
29*39 29„3849 »«< 0.005 29.3949 0.0049 
29,4© 29.395 m 0o0049 29,4049 0.0049 
29.41 29,4©5 A 0.0049 29.4149 0.0049 
29.42 29,415 * 0.0049 29*4249 0.0049 
29,43 290425 .-> 0.0049 29,4349 0.0049 
29,44 29,435 m 0.0049 29.4449 0.0049 
29,45 29*441 A 0.0049 29.4549 0.0049 
29,46 29.455 *«* 0.0049 29,4649 0.0049 
29.47 29.465 •- 0,0049 29.4749 0.0049 
29,48 29,475 - 0.0048 29,4848 0.0048 
29*49 29,485 - 0.0048 29.4948 0.0048 
29,1© 29,495 - 0.0048 29.5048 0.0048 
29.51 29,5©5 m 0.0048 29.5148 0.0048 
29*52 29a515 m 0.0048 29.5248 0.0048 
29.53 29,525 tea 0,0048 29,5348 0.0048 
29,34 29,531 * 0,0048 29.5448 0.0048 
29,55 29,545 -» 0.0048 29.5148 0.0048 
29,56 29,555 p. 0.0048 29,5648 0.0048 
29.57 29,565 "> 0.0047 29,5747 0.0047 
29,58 29-575 - 0.0047 29.5847 0.0047 
29,59 29,585 w* 0.0047 29,5947 0.0047 
29,6© 29.59B J* 0.0047 29.6047 0.0047 
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Tat>le 1§« Tables ©f h'(m) Kcomtimued) » 
u L(u) 4 I 
29.605 - 0.0047 29.6147 
L(-ufrl) 
29*61 0,0047 
29,62 29.615 - 0.0047 29,6247 0.0047 
29,63 29,625 - 0.0047 29.6347 0.0047 
29,64 29.635 - 0,0047 29.6447 0.0047 
29.65 29.645 - 0,0047 29.6547 0.0047 
29.66 29.655 - 0.0046 29.6646 0.0046 
29.67 29.665 « 0.0046 29.6746 0.0046 
29.68 29.675 ~ 0.0046 29.6846 0.0046 
29,69 29.685 - 0.0046 29,6946 0.0046 
29*70 29.695 - 0.0046 29,7046 0.0046 
29.71 29*705 - 0.0046 29.7146 0.0046 
29.72 29*715 - 0.0046 29,7246 0.0046 
29,73 29.725 - 0,0046 29.7346 0.0046 
29.74 29.735 ~ 0.0046 29.7446 0.0046 
29*75 29.745 - 0.0046 29.7545 0.0045 
29,76 29.755 - 0.0045 29.7645 0.0045 
29*77 29,765 - 0.0045 29.7745 0,0045 
29,78 29.775 - 0»0045 29.7845 0,0045 
29,79 29.785 - 0,0045 29,7945 0.0045 
29-80 29.795 « 0,0045 29.8045 0.0045 
29.81 29.805 « 0.0045 29.8145 0.0045 
29.82 29.815 - 0.0045 29.8245 0.0045 
29.83 29*825 - 0.0045 29.8345 0.0045 
29,84 29,835 - 0,0045 29.8445 0.0045 
29.85 29,846 - 0.004 29.854 0.004 
29.86 29.856 - 0,004 29.864 0.004 
29.87 29.866 - 0.004 29.874 0.004 
29 ft 88 29.876 - 0.004 29.884 0.004 
29,89 29.886 - 0.004 29.894 0.004 
29.90 29.896 - 0,004 29.904 0.004 
29*91 29.906 - 0,004 29.914 0.004 
29.92 29.916 - 0,004 29.924 0.004 
29,93 29.926 - 0,004 29.934 0.004 
29.94 29.936 - 0,004 29.944 0.004 
29.95 29.946 - 0,004 29.954 0.004 
29.96 29,956 - 0.004 29.964 0.004 
29.97 29.966 - 0.004 29.974 0.004 
29,98 29,976 - 0,004 29.984 0.004 
29,99 29.986 - 0.004 29.994 0.004 
30.00 29,996 - 0.004 30.004 0.004 
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APPENDIX D 
TABLES OF COMPARISON'.SERIES 
Comparison series.—In Chapter III it was pointed out that if all A, + H. 
in a given expansion of H were equal to or smaller than the corresponding 
A, + H. of another expansion, of which the approximants are termed a 
comparison series, then H is an equal or "better approximation to H 
than is H . The tables in this appendix give the values, 
m on -^ ° •' 
D = H - H m on o 
for comparison series having a fixed value, 
A, + H. = M m K m k 
at each stage. The comparison series selected for tabulation' have values 
of M ranging from minus ten to plus six .decibels, and D is calculated for 
the first seven approximants in each case. 
Method of calculation.--Since A. + H, = M, having the same value for 
* m K m K. 
all k, avTT1̂ v
 = m> a constant such that M = 10, log i. By substituting 
m for rv in equation (29) the following expansion for G is obtained: it o 
G 






I s - + • 
1-m 
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1 1 Letting —~ - — = fi, the above expansion may be rewritten in the form: 
m m 
G o 
n = 1 . 
1 + 
i .+ L 
i + — ^ 
1 + . 
























1. + 2jS 
1 + 3/8 + &2 
mGon Pn ( / 9 ) 
Let m(-p—) = p / >p \ » The coefficients of ascending powers of p in 
o n+1^" ' 
the polynomials P ((9) are given by the following table. 
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Table 11. Coefficients of £ .in P (0) 
Each coefficient is the 
sum of the one directly 
above it and the one two 
spaces above and one to the 
left. 
For each value of m the corresponding P is obtained, the polynomials 
G 
P (/S ) are evaluated, and the values of m( — — ) are calculated. The 
o 
appropriate logarithmic values for the table are then readily computed. 
Tables.--Table 12 gives in decibels the difference, D, between the nth 
approximant of the comparison series and the prescribed function. 
Table 12. Values of D for Comparison Series 





-10 .0 10.00 -9.59 7 .01 -6.65 4.14 
- 6.0 6.00 -5 .10 3.16 -2.56 1.76 -1 .38 0-99 
- 4 .0 4.00 - 2 . 8 1 1.47 -0 .94 0.54 -0 .33 0.20 
- 3-0 3-00 -1-75 0.79 - 0 . 4 1 0.20 -0 .10 0.05 
- 2.0 2.00 -0 .85 0..29 - 0 . 1 1 0 .04 - 0 . 0 1 0 .01 
- 1.0 1.00 -0 .23 0.05 - 0 . 0 1 0.00 0.00 0.00 
- 0 .5 0.50 -0 ,06 0 . 0 1 0.00 0.00 0.00 0.00 
0 . 5 -0 .05 -0 .06 - 0 . 0 1 0..00 0.00 0.00 0.00 
1.0 -1 .00 -0 .23 -0 .06 - 0 . 0 1 0.00 0.00 0.00 
2 . 0 -2 .00 -0 .85 -0.4-3 -0 .23 -0 .13 -0 .07 -o.o4 
3-0 -3-00 -1 .75 -1 .23 -0 .96 -0 .78 -0 .66 -0 .60 
4 . 0 -4 .00 - - 2 . 8 1 -2 .36 -2 .13 -2 .00 -1 .93 -1 .88 
6 . 0 -6 .00 -5 .10 -4.86 -4.78 -4.76 -4 .75 -4.74 
k: _0_ 1 .2 3 __4 
p 1 0 0 0 0 
H 
1 0 .0 0 0 
1 1 0 0 0 
1 2 0 0 0 
1 3 1 0 0 
1 4 3 0 0 
1 5 6 1 0 
1 6 10 4 '0 
1 7 15 10 1 
1 8 2 1 20 5 
Curves of the values of D are plotted graphically in Figure 58. 
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D - mHon " Ho* 
where mH Q n are 
approximants of a 
comparison series 
in which all 
mAk * mHk s M° 
Curves are labeled 
with values of n» 
Fig, 58. Values of © for Gomparisom Series, 
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